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Abstract 

We present a quantitative geometric rigidity estimate for special func¬ 
tions of bonnded deformation in a planar setting generalizing a result by 
Friesecke, James and Muller for Sobolev functions obtained in nonlinear 
elasticity theory and a qualitative piecewise rigidity result by Chambolle, 
Giacomini and Ponsiglione for brittle materials which do not store elastic 
energy. We show that for each deformation there is an associated triple 
consisting of a partition of the domain, a corresponding piecewise rigid mo¬ 
tion being constant on each connected component of the cracked body and 
a displacement held measuring the distance of the deformation from the 
piecewise rigid motion. We also present a related estimate in the geometri¬ 
cally linear setting which can be interpreted as a ‘piecewise Korn-Poincare 
inequality’. 
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1 Introduction 

It is a subtle problem in mathematical analysis to infer global properties of a 
function u from conditions on its derivative Vu given in terms of partial differen¬ 
tial relations such as Vm G A or approximate relations such as dist(VM, K) 1, 
where K denotes a specihc set of matrices. In particular, constraining Vm to 
be in, or close to, the set K = SO{d) of rigid motions, one is led to the ques¬ 
tion to what extend such a pointwise (approximate) isometry constraint has the 
global consequence of rendering u itself (approximately) rigid. As will be de¬ 
tailed below, notably the last decades have witnessed a tremendous progress in 
establishing such geometric rigidity results; classical theorems for smooth func¬ 
tions have been extended to Sobolev functions and even sharp rigidity estimates 
have been derived for such functions. In this article we address the problem of 
deriving a quantitative rigidity estimate beyond the setting in Sobolev spaces, 
specihcally, allowing for functions with jump discontinuities. As such a lack of 
regularity impedes a direct extension, our main rigidity result has to be formu¬ 
lated in a considerably more complex way. Moreover, major challenges arise in 
our framework from the fact that the distributional derivative of the mappings 
under consideration is barely a measure and from the necessity to gain control 
over both bulk and surface contributions. 

Our main motivation comes from variational fracture mechanics. Since the 
pioneering work of Griffith 1271 the propagation of crack is viewed as the result of a 
competition between the surface energy and the reduction of bulk energy during 
an inhnitesimal increase of the cracked region. Based on this idea Francfort 
and Marigo [21] have introduced an energy functional comprising elastic bulk 
and surface contributions in order to tackle problems in fracture mechanics with 
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variational methods, where the displacements and crack paths are determined 
from an energy minimization principle. 

To simplify the mathematical description, problems in this context are often 
studied in the case of anti-planar shear (see e.g. [MlEQ]) or in the realm of 
linearized elasticity (see e.g. [31 El [71 HHI EHl EE]) since such models are usually 
signihcantly easier to treat as their nonlinear counterparts. In fact, in the regime 
of hnite elasticity the energy density of the elastic contributions is genuinely 
geometrically nonlinear due to frame indifference rendering the problem highly 
non-convex. Consequently, in contrast to linear models already the fundamental 
question if minimizing conhgurations for given boundary data exist at all is a 
challenging problem. 

To gain a deeper understanding of nonlinear models in fracture mechanics 
it is therefore desirable to identify an effective linear theory and in this way to 
rigorously show that in the small displacement regime the neglection of effects 
arising from the non-linearities is a good approximation of the problem. Indeed, 
for elastic bodies not exhibiting cracks the passage from nonlinear to linearized 
models is by now well understood via T-convergence (cf. [151 EE]). It turns 
out that a fundamental issue in this context is the derivation of suitable rigidity 
estimates which, based on the deformation of a material, allow to control an 
associated inhnitesimal displacement held measuring the distance from a rigid 
motion and being the essential quantity on which the linearized elastic energy 
depends. 

Rigidity estimates have a long history going back to the fundamental result 
of Liouville which states that a smooth function has to be an affine mapping 
if its gradient is a rotation everywhere. Various generalizations of this classical 
qualitative theorem in the realm of nonlinear elasticity theory have appeared over 
the last decades (see e.g. [291133] h For brittle materials the problem is more subtle 
as additional difficulties arise from the fact that the body might be disconnected 
by the jump set into various components. Chambolle, Giacomini and Ponsiglione 
[S] recently showed that also in this setting a Liouville-type result holds and that 
the body behaves piecewise rigidly. In fact, under the constraint that the material 
does not store elastic energy the only possibility that global rigidity can fail is 
that the body is divided into various parts each of which subject to a different 
rigid motion. 

However, the above mentioned results fall short of being useful for the investi¬ 
gation of variational models due to the restrictive constraint on the deformation 
gradient. The fundamental step towards quantitative results was a geometric 
rigidity estimate by Friesecke, James and Muller [26] which states that, loosely 
speaking, if the deformation gradient of an JJ^-function is close to the set of ro¬ 
tations (e.g. in an sense), then it is in fact close to one single rotation. This 
result provides the essential relation between the deformation and a correspond¬ 
ing displacement held and allows to establish a compactness result for a sequence 
of displacements with uniformly bounded elastic energy. 
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Whereas this estimate in elasticity theory was generalized to various settings 
including [HI [32], to the best of our knowledge a corresponding general estimate for 
brittle materials has not yet been established. The farthest reaching result in this 
direction seems to be a recent contribution by Negri and Toader [33] where rigidity 
estimates are provided in the context of quasistatic evolution for a restricted class 
of admissible cracks. In particular, in their model the different components of the 
jump set are supposed to have a least positive distance rendering the problem 
considerably easier. In fact, one can essentially still employ the result in [26] 
and the specimen cannot be separated into different parts effectively leading to 
a simple relation between the deformation and the displacement held. 

The goal of the present work is the derivation of a new kind of quantitative 
geometric rigidity estimate in the framework of geometric measure theory without 
any a priori assumptions on the deformation and the crack geometry, i.e we treat 
a full free discontinuity problem in the language of Ambrosio and De Giorgi im. 
We call this estimate for brittle materials, which we establish in a planar setting, 
an SBD-rigidity result as it is formulated in terms of special functions of hounded 
deformation (see BE]). The result may be seen as a suitable combination of 
the aforementioned estimate for elastic materials [26] and the qualitative result 
in [8] , being tailor-made for general Griffith models where both energy forms are 
coexistent. 

The rigidity result provides the relation between the deformation of a brittle 
material and the associated displacements. Whereas in elasticity theory there is a 
simple connection between these two objects, in the present context the descrip¬ 
tion is rather complicated since the deformation is related to a triple consisting of 
a partition of the domain, a corresponding piecewise rigid motion being constant 
on each connected component of the cracked body and a displacement held which 
is dehned separately on each piece of the specimen. The result in the present work 
proves to be the fundamental ingredient to identify an effective linearized theory. 
For a detailed analysis of compactness results and the derivation of linearized 
Griffith models from nonlinear energies via T-convergence in a small strain limit 
we refer to the subsequent paper [23] . 

One essential point in the analysis is the derivation of an inequality for the 
symmetric part of the gradient. We also see that in general it is not possible to 
gain control over the full gradient which is not surprising as there is no analogue 
of Korn’s inequality for SBV functions. Gonsequently, the result is naturally an 
SBD estimate. In addition, we provide an L^-bound for the conhgurations mea¬ 
suring the distance of the deformation itself from a piecewise rigid motion. In 
contrast to the setting in elasticity theory this is highly nontrivial as Poincare’s 
inequality cannot be applied due to the possibly present complicated crack ge¬ 
ometry. Gonsequently, our findings are not only interesting in the realm of finite 
elasticity, but also in a geometrically linear setting and can be interpreted as a 
‘piecewise Korn-Poincare inequality’. Moreover, we remark that our main esti¬ 
mate can only be established under the additional condition that we admit an 
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arbitrarily small modification of the deformation. 

The derivation of the main result is very involved as among other things one 
has to face the problems that (1) the body might be disconnected by the jump 
set, (2) the body might be still connected but only in a small region where the 
elastic energy is possibly large, (3) the crack geometry might become extremely 
complex due to relaxation of the elastic energy by oscillating crack paths and 
inhnite crack patterns occurring on different scales. The common difficulty of 
all these phenomena is the possible high irregularity of the jump set. Even if 
one can assume that the domain can be decomposed into different sets with 
Lipschitz boundary (e.g. by a density argument), there are no uniform bounds 
on the constants of several necessary inequalities such as the Poincare and Korn 
inequality and the rigidity estimate [26] . 

To avoid further complicacies of technical nature concerning the topological 
structure of cracks in higher dimensions and to concentrate on the essential dif- 
hculties arising from the frame indifference of the energy density, we will tackle 
the problem in a planar setting with isotropic crack energies. However, we be¬ 
lieve that our results can be extended to anisotropic surface terms and that the 
proof provides the principal techniques being necessary to establish the result in 
arbitrary space dimension. In fact, many arguments are valid also in dimension 
d > 3 and we hope that our methods, in particular the modihcation scheme for 
deformations and jump sets, may also contribute to solve related problems in 
the future. One of the essential reasons why we restrict ourselves to the two- 
dimensional framework is the usage of a Korn-Poincare-type inequality (see [22] 1 
which was only established in a planar setting due to a lot of technical difficulties 
concerning the jump set geometry. 

The paper is organized as follows. In Section [2] we present the main results 
about geometric rigidity in SBD and also state a corresponding estimate in the ge¬ 
ometrically linear setting which is interesting on its own and considerably simpler 
to prove than its nonlinear counterpart. As the proof is very long and technical, 
we give an overview and highlight the principal strategies for the convenience of 
the reader in Section ITM 

Section [3] is devoted to some preliminaries. We hrst recall the dehnition of 
special functions of bounded variation and discuss basic properties. Then we 
recall a (local) Korn-PoincarAtype inequality in SBD (see [22] and Section 13.3p 
which measures the distance of the displacement held from an inhnitesimal rigid 
motion in terms of the elastic energy. It turns out that this inequality is one of 
the key ingredients to derive our main result which can be compared with the fact 
that in elasticity theory the linearized rigidity estimate, called Korn’s inequality 
(see [iQl), is one of the fundamental steps to establish the geometrically nonlinear 
result in [26]. In fact, as a hrst approach to the main result it is convenient to 
replace the nonlinear problem by such a linearized version which is signihcantly 
easier since (1) the estimate only involves the function itself and not its derivative 
and (2) the set of inhnitesimal rigid motions is a linear space in contrast to SO{2). 
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Afterwards we recall the geometric rigidity result by Friesecke, James, Miiller 
[26] and carry out a careful analysis how the involved constant depends on the 
shape of the domain. At this point we notice that easy counterexamples to rigidity 
estimates in SBD can be constructed if one does not admit a small modification 
of the deformation (see Section I3.5j) . 

In Section 0] we introduce a procedure to modify sets. In this context, we 
particularly have to assure that we can control the size and the shape of the 
jump sets. 

The rest of the paper contains the main proof of the SBD-rigidity estimate. 
The main strategy of the proof is to establish local rigidity results on cells of 
mesoscopic size (Section |5]) which together with the Korn-Poincare inequality 
allows to replace the deformation by a modihcation where the least length of 
the crack components has increased (Section [6]). Repeating the arguments on 
various mesoscopic scales becoming gradually larger it is possible to show that 
the modihed deformation behaves rigidly on each connected component of the 
domain (Section [7]). 

The fact that we analyze the problem on different length scales is indispensable 
to understand specific size effects correctly such as the accumulation of crack 
patterns on certain scales. Moreover, we briefly note that similarly as in [24] a 
mesoscopic localization technique proves to be useful to tackle problems in the 
framework of brittle materials as hereby effects arising from the bulk and the 
surface contributions can be separated. 

Basically, this is enough the establish the requirements for compactness results 
in the space of SBD functions (cf. [H]). However, as we are also interested in 
the derivation of effective linearized models (cf. [23]), we have to assure that 
we do not change the total energy of the deformation during the modihcation 
procedure. In particular, for the surface energy this is a subtle problem and in 
Section [8] a lot of effort is needed to show that the modihed conhgurations can be 
constructed in a way such that the crack length does not increase substantially. 

2 The main result and overview of the proof 

In this section we present our main rigidity estimates in the framework of brittle 
materials and give and overview of the proof strategies. 

2.1 The main setting 

Let D C open, bounded with Lipschitz boundary and for M > 0 we dehne 

SBVm{^) = {ye SBV{nX) ■ l|V|/||oo < M, V}{Jy) < +oo}. (2.1) 

For the dehnition and properties of the space SBV (D, M^), frequently abbreviated 
as SBV{fl) hereafter, we refer to Section [3Tl 
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Let W : [0, C)o) be a frame-indifferent stored energy density with 

W{F) = 0 iff F G SO{2). Assume that W is continuous, in a neighborhood 
of SO{2) and scales quadratically at SO{2) in the direction perpendicular to 
inhnitesimal rotations. In other words, we have W{F) > cdist^(F, S'0(2)) for 
all F G and a positive constant c. For e > 0 dehne the Grifhth-energy 

E,-SBVMm^[Q,^)hj 

EM = - [ W{yy{x)) dx + H\jy). (2.2) 

The main goal of the work at hand is the derivation of uniform rigidity estimates 
for conhgurations with E^{y) < C. Performing the passage to the small strain 
limit e —)■ 0 we have to face major challenges including (1) difficulties concerning 
the coercivity of the functionals due to the frame indifference of the energy density 
and (2) the possible high irregularity of the jump set rendering the problem subtle 
from an analytical point of view. 

We briefly note that we can also treat inhomogeneous materials where the 
energy density has the form hF : x R^^^ —)■ [0,oo). Moreover, it suffices to 
assume W G where is the Holder space with exponent a > 0. In 

the context of discrete systems the small parameter e, denoting the order of the 
elastic energy in our model, represents the typical interatomic distance (compare 
fl2.2p with, e.g., the Griffith functionals in [2ll |25]). Having also applications to 
discrete systems in mind, we will sometimes refer to e as the ‘atomic length scale’. 

Observe that M may be chosen arbitrarily large (but hxed) and therefore the 
constraint || V|/||oo < M is not a real restriction as we are interested in the small 
displacement regime in the regions of the domain where elastic behavior occurs. 
The uniform bound on the absolute continuous part of the gradient is indeed 
natural when dealing with discrete energies where the corresponding deformations 
are piecewise affine on cells of microscopic size (see e.g. [5l |25]). The condition 
essentially assures that the elastic energy cannot concentrate on scales being 
much smaller than e. This observation already shows that the atomic length 
scale plays an important role in our analysis since the system shows remarkably 
different behavior on scales smaller and larger than the atomistic unit. 

For later we also introduce a relaxed energy functional. For p > 0, e > 0 and 
U C Si dehne f^{x) = min{^, 1} and 

E^M^U) = - [ W{Vy{x))dx+ [ f,%\[y]{x)\)dH\x). (2.3) 

^ JU JjyDU 

Glearly, we have E^{y, U) < E^{y) for all y G SBVm{SI) and U C SI. 

2.2 Rigidity estimates 

We hrst observe that for conhgurations with uniform bounded energy Es{yi;) the 
absolute continuous part of the gradient satishes ~ S'0(2) as the stored 
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energy density is frame-indifferent and minimized on SO {2). Assuming that 
^ y in , one can show that Vy G SO{2) a.e. applying lower semicontinuity 
results for SBV functions (see ini) and the fact that the quasiconvex envelope 
of W is minimized exactly on SO{2) (see [38]). 

A classical result due to Liouville states that a smooth function y satisfying 
the constraint \/y G SO{2) is a rigid motion. In the theory of fracture mechanics 
global rigidity can fail if the crack disconnects the body. More precisely, Cham- 
bolle, Giacomini and Ponsiglione have proven that for configurations which do 
not store elastic energy (i.e. Vy G SO{2) a.e.) and have finite Griffith energy (i.e. 
nw < -|-cxd) the only way that rigidity may fail is that the body is divided into 
at most countably many parts each of which subject to a different rigid motion 
(see [8]). 

Glearly, it is desirable to establish an appropriate quantitative version of this 
qualitative statement. In nonlinear elasticity such quantitative estimates are 
available forming one of the starting points of our analysis. Friesecke, James and 
Miiller (see [26] and Theorem 13.101 below) have extended the classical Liouville 
results and showed that, loosely speaking, if the deformation gradient is close to 
SO{2) (in L^), then it is in fact close to one single rotation R G SO{2) (in L^). 

The overall goal of this work is to ‘combine’ the rigidity results of the pure elas¬ 
tic and pure brittle regime in order to derive a rigidity estimate for general Griffith 
functionals (I2.2[l where both energy forms are coexistent. As a preparation recall 
the dehnition of the perimeter P{E, G) of a set A' C in G (see [21 Section 3.3]) 
and recall that we say that a partition V = {Pj)j of G is called a Caecioppoli 
partition of G if < +oo. Let Gp = {x G G : dist(a:, cIG) > Op} for 

p > 0 and for some sufficiently large constant C. 


Theorem 2.1 Let G C open, hounded with Lipschitz boundary. Let M > 0 
and 0 < r},p 1. Then there is a constant C = C{Q,M,r]) and a universal 
c > 0 such that the following holds for e > 0 small enough: 

For each y G SBVMiO.)nL'^{Ll) withP^{Jy) < M and dist^(V|/, S'0(2)) < Me, 
there is an open set Qy with |r2\r2p| < Op, a modification y G SBVcm{ 0) r\L^{Q) 
with \\y - y\\l2^^^j + II Vp - Vplll^^^^^ < Cep and 

E^{y,ny)<EM + Cp (2.4) 

with the following properties: We find a Caecioppoli partition V = {Pj)j of Qp 
with P{Pj, Tip) < C and for each Pj a corresponding rigid motion Rj x + Cj, 
Rj G 50(2) and Cj G such that the function u : Q ^ defined by 


u{x) 


y{x) - {Rj x + Cj) 
0 


for X G Pj 
for X G G \ Gp 


(2,5) 






( 2 . 6 ) 



(**) < Ce, 

i^v) < Ce^-^ 


for some constant C = C{p), where e{G) = ^ ^ 

Whereas in elasticity theory there is a simple connection between the defor¬ 
mation y and the displacement held u, in the present context the description 
is rather complicated since the deformation is related to a triple {Rj,Cj)j 

and u consisting of a partition, associated piecewise rigid motion and a snitably 
rescaled displacement held which is dehned separately on each piece of the body. 
The central estimate fl2.6p provides the fnndamental ingredients to establish a 
corresponding compactness result (see [23]) by employing a GSBD compactness 
result proved in [H]. 

We remark that this estimate might be wrong without allowing for a small 
modihcation of the deformation as we show by way of example in Section 13.51 
Moreover, we get a sufficiently strong bound only for the symmetric part of the 
gradient (see (iii)) which is not surprising due to the fact that there is no analogue 
of Korn’s inequality in SBV. However, there is at least a weaker bound on the 
total absolutely continuous part of the gradient (see (iv)) which will essentially 
be needed to derive a T-convergence result in the passage from nonlinear to 
linearized models in [23]. We emphasize that also (ii) is highly nontrivial as 
Poincare’s inequality cannot be applied due to the presence of discontinuity sets. 

Remark 2.2 (i) The proof of Theorem 12.11 shows that the Caccioppoli partition 
{Pj)j is in fact a hnite partition. In particular, each Pj is the union of squares of 
si delength ~ p and thus \Pj\ > cp for all j. 

(ii) In view of fl2.4p and fl2.6p fil one also has 


EM < OEM- 


Moreover, the estimate fl2.4p can even be rehned. Indeed, we obtain (see fl8.14p 
below) 



where dP := IJ^ dPj. Whereas on the boundary of the partition dP there is a 
sharp estimate for the surface energy, the passage to to a relaxed functional in 
the interior of the sets is necessary due to the possible presence of microcracks 
accumulating on different mesoscopic scales. 

(iii) The assumption y G Lf{VL) may be dropped. In this case we obtain a 
slightly weaker approximation of the form \\y — y\Wi(yi^) < Cep (cf. the approxi¬ 
mation schemes in [S] Theorem 3.1], [22l Theorem 2.3]). 


(iv) The approximation preserves an L°°-bound, i.e. |||/|loo < M implies 
Halloo < cM. 
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2.3 A piecewise Korn-Poincare inequality 

We now discuss a variant of Theorem 12.11 in the geometrically linear setting 
which can be interpreted as a ‘piecewise Korn-Poincare-inequality in SBD’. Let 
^skew = ^ : AJ' = —A} be the set of skew symmetric matrices. Set 

F^(y,U)^- j V(e{Vu){x))dx+ j (2-7) 

^ Ju JjuDU 

for a coercive quadratic form V, i.e. V{G) > c|Gp for c > 0 and G G Mgym- 
Furthermore, dehne where = 1. For the dehnition of the space 

SBD we refer to Section 13.11 

Theorem 2.3 Let D C open, bounded with Lipschitz boundary. Let M > 0, 
and 0 < p 1. Then there is a constant G = G{Q, M) such that for £ > 0 small 
enough the following holds: 

For each u G with < M and 

/ \e{'Vu){x)\'^ dx < Me, 

Jn 

there is an open set with |f2 \ < Gp, a modification u : D —)■ with 

11“ - + l|e(VM) - < Gpe and 

Ff{u,np)<F,{u) + Gp 

with the following properties: We find a Caccioppoli partition V = {Pj)j of Qp 
with P{Pj, Lip) < G and for each Pj a corresponding infinitesimal rigid motion 
Aj X + Cj, Aj G Mgkew ^ 'hC"{Ju) < G and 

(i) \\e{Wu)\\l 2 ^n^) < Ge, {ii) \\u - (Aj ■ -Cj)\\l 2 ^p.^ < Ce. (2.8) 
for some constant C = C(p). 

To prove Theorem 12.31 one may essentially follow the proof of Theorem 12.11 
with some changes, where altogether the proof is considerably simpler as a lot 
of estimates and arguments can be skipped. We again observe that estimate 
fl2.8p together with the result of [H] is the fundamental ingredient to establish a 
compactness result. 

2.4 Overview of the proof 

As the proof of Theorem 12.11 is very long and technical, we present here a short 
overview for the convenience of the reader and highlight the principle proof strate¬ 
gies. 
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The main estimates in the rigidity result (see fl2.6p i provide bounds for both 
the displacement held u itself and its derivative. The fundamental ingredient 
to measure the distance of the function from a rigid motion is a (local) Korn- 
Poincare-type inequality established in E21- The other key point is then the 
derivation of an estimate for the symmetric part of the gradient. Using the 
expansion 


\e{R^{Vy - Id))|2 = dist2(V2/, ^0(2)) + 0{\Vy - R\^) (2.9) 

and recalling that || dist(V?/, S'0(2))||^2(f^) ~ e we see that it suffices to establish 
an estimate of fourth order. Indeed, also in the proof of the geometric rigidity 
result in nonlinear elasticity (see |26]) one hrst derives a bound for ||V|/ — 
to control the symmetric part. The control over the full gradient is then obtained 
by Korn’s inequality. 

Clearly, in our framework this rigidity result (see Theorem 13.101 below 1 cannot 
be applied due to the presence of cracks, in particular fl\Jy will generically not 
be a Lipschitz set. Therefore, by a density argument we again hrst assume that 
the jump set is contained in a hnite number of rectangle boundaries. A careful 
quantitative analysis shows that the constant in Theorem 13.101 depends on the 
quotient of the diameter of the domain, denoted by /c, and the minimal distance 
of two cracks, denoted by s. In particular, C = C{k/s) ~ 1 if /c ~ s. Provided 
that ^ is not too large, the principal strategy will be to show that possibly after 
a modihcation we get HVy — -R|lioo(Q) < {C{k/s))~^ which then gives 

UR^iyy - Id))||i 2 (^) < £ + {C{k/s))-^\\Vy - < Ce (2.10) 

by fl2.9p and Theorem 13.101 Of course, in general we cannot suppose that - is 
not large. Moreover, a global rigidity result may fail due to the separation of 
the domain by the jump set. Consequently, we will apply the presented ideas on 
a hne partition of the Lipschitz domain O consisting of squares with diameter 
k. This local result will be used to modify the jump set such that the minimal 
distance of each pair of cracks increases. Then we can repeat the arguments 
for a larger k. The idea is that after an iterative application of the arguments 
we obtain an estimate for k k, p which then will provide rigid motions on the 
connected components of the domain (see fl2.5lP with the desired properties. 

In Section m we introduce a procedure to modify sets and conduct a thorough 
analysis on how to control the size and the shape of the jump sets. 

In Section Owe construct piecewise constant S'O (2)-valued mappings approxi¬ 
mating the deformation gradient. In each square Q of diameter k we may assume 
that the elastic energy is bounded by ~ ek as otherwise it would be energetically 
favorable to introduce jumps at the boundary of the square and to replace the 
deformation in the interior by a rigid motion. (The same technique has been used 
in the proof of the Korn-Poincare inequality.) Similarly as in |2S] we pass to the 
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harmonic part of the deformation (denoted by y) and obtain by the mean value 
property 

\\^y - RQ\?L^(^Q)<ck ^||v^ - -RQ||i2(Q) 

< C{kls)k-% dist(V 2 /, SO{2))\\l2^^Q^ < C{k/s)k-^e 

for a suitable Rq G S'0(2), where Q C Q is a slightly smaller square. Conse¬ 
quently, if we can assure that | < {C{kls))~‘^ we obtain the desired L°°-bound 
which allows to derive an estimate of the form 02.101) . We note that for this 
argument we at least have to assume that k ^ e which will be denoted as the 
‘superatomistic regime’ (recall the discussion about the signihcation of e after 

ca). 

In the subsequent Section 15.21 we show that not only the distance of the 
derivative from a piecewise rigid motion can be controlled but also the distance 
of the function itself. On the one hand this is essential for 02.61) . on the other hand 
such an estimate is crucial for establishing a modihcation of the deformation and 
the jump set. The main idea is to apply the Korn-Poincare-type inequality proved 
in [22] on the function Rq-ij — id. Major difficulties arise from the facts that the 
rotation Rq may vary from one square to another and that the inequality derived 
in [22| only provides a local estimate (cf. also Corollary 13.7p . Consequently, the 
arguments have to be repeated for several shifted copies of the hne partition (see 
Lemma l5.4p . Moreover, the projections Pq onto the the space of inhnitesimal 
rigid motions (see Theorem 13.31 below) have to be combined with the rotations 
Rq in a suitable way to obtain appropriate rigid motions, which do not vary too 
much on adjacent squares (see Lemma ESj). 

Having an approximation of the deformation by piecewise rigid motions de- 
hned on squares with diameter k, we then are able to modify the function such 
that the minimal distance s of two cracks of the new conhguration satishes s ^ k 
(see Lemma [6.II) . Now we can repeat the above procedure for some larger k such 
that e/k < {C{k/s))~‘^ is guaranteed and we can repeat the arguments in fl2.1ip . 

The strategy is to end up with k ^ p after a hnite number of iterations. As 
the number of iteration steps is not bounded but grows logarithmically with ^ we 
have to assure that in each step the surface and the elastic energy do not increase 
too much. The crucial point is that during the iteration process the coarseness 
of the partition k grows much faster than the stored elastic energy e such that 
the argument in (I2.1ip may be repeated. The details are given in Theorem 17.31 
Having an estimate for fc p it is then not hard to establish the desired result 
up to a small exceptional set (see Theorem 17. 2p . 

Clearly, we cannot assume that initially s > e. In this case the argument in 
(12.lip can typically not be applied. As a remedy we do not employ the geometric 
rigidity result directly but hrst approximate the deformation in each square by an 
Lf^-function, where the distance can be measured by the curl of Vp. (See Theorem 
13. II below which was one of the essential ingredients to prove the qualitative result 
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in [8].) We address this problem in Lemma 15731 and snbseqnently we show that 
we may modify the conhguration snch that s > e (see Theorem 17.41) . 

Finally, by a density argument we can approximate each SBV function by 
a conhguration where the jump set is contained in a hnite number of rectangle 
boundaries (see proof of Theorem 17.11) . Observe that standard density results as 
[12] cannot be applied directly in our framework since in general an L°° bound 
for the derivative is not preserved. The problem can be circumvented by using a 
different approximation introduced in [7] at the cost of a non exact approximation 
of the jump set, which suffices for our purposes. 

The rigidity result, which we then have established, only holds up to a small 
exceptional set as due to the modihcation of the jump set the deformation might 
not be dehned in the interior of certain rectangles. We emphasize that such 
an estimate is not enough to obtain good compactness and convergence results, 
in particular for the convergence of the surface energy further difficulties arise. 
Therefore, we eventually have to construct a suitable extension to the whole 
domain. A major challenge is to determine the surface energy correctly, at least 
for the relaxed functional fl2.3p . This problem is addressed in Section |8l 

For small cracks a good extension is already provided by the Korn-Poincare 
inequality [22] which is based on the derivation of a suitable modihcation for 
which jump heights can be controlled. Near large cracks we dehne the extension 
as a piecewise constant rigid motion such that the jump heights on the new jump 
sets are sufficiently small (see the proof of Theorem l2.ip . Consequently, the length 
of these jumps may possibly be much larger than 'H^(Jj^), but due to the small 
jump height their contribution to fl2.3p is considerably small. Finally, for the 
large cracks in the domain, in particular for the boundary IJ^. dPj of the partition 
(Pj)j, we have to construct an appropriate jump set consisting of Jordan curves 
which provides the correct crack energy up to a small error (see Lemma 18.11) . 


3 Preliminaries 

In this preparatory section we recall hrst the dehnition and basic properties of 
functions of bounded variation. Then we introduce the notion of boundary com¬ 
ponents and present the Korn-Poincare inequality established in [22]. Finally, we 
recall the geometric rigidity result in nonlinear elasticity and carefully estimate 
the involved constant pertaining to its dependence on the shape of the domain. 

3.1 Special functions of bounded variation 

In this section we collect the dehnitions of SBV and SBD functions. Let 12 C 
open, bounded with Lipschitz boundary. Recall that the space ab¬ 

breviated as SBV{Q) hereafter, of special functions of bounded variation consists 
of functions y G L^{Q,W^) whose distributional derivative Dy is a hnite Radon 
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measure, which splits into an absolutely continuous part with density Vy with 
respect to Lebesgue measure and a singular part D^y whose Cantor part vanishes 
and thus is of the form 

D^y=[y]®iyH^-\Jy, 

where denotes the {d — l)-dimensional Hausdorff measure, Jy (the ‘crack 

path’) is an 'H'’*“^-rectifiable set in is a normal of Jy and [y] = y^ — y~ 

(the ‘crack opening’) with y^ being the one-sided limits of y at Jy. If in addition 
Wy G iJiVL) and 'H'^~^{Jy) < oo, we write y E SBV'^{Q,). See [2] for the basic 
properties of this function space. 

Likewise, we say that a function y E L^{Q, R'’*) is a special function of bounded 
deformation if the symmetrized distributional derivative Eu := is a h- 

nite valued Radon measure with vanishing Cantor part. It can be decom¬ 
posed as 


Ey = e{yy)E^ + E^y = e(yy)C^ + [y] 0 (3.1) 

where e(Vy) is the absolutely continuous part of Ey with respect to the Lebesgue 
measure [y], fy, Jy as before and aQb = |(a 06 - 1 - 60 a). For basic properties 
of this function space we refer to mi- 

The general idea in our analysis will be to establish Theorem 12.11 for a dense 
subset of SBV for which we can suppose much more regularity of the jump set. 
For density results in the spaces SBV and SBD we refer to |T2l [13] and [7|, 
respectively. In our framework we cannot use these results directly but have to 
derive a slightly different variant of 113 in order to preserve an L°°-bound for the 
derivative (see the proof of Theorem 17. Ij) . 

Moreover, we recall the property that the distance of an SBV function to 
Sobolev functions can be measured by the distribution curl Vy (see [H Proposition 
5.1]). 


Theorem 3.1 Let Q = (0, !)'’*. Let y E SBV^{Q) := {y E SBV{Q,R‘^) : 
IIV2/II oo < cxo, ^{Jy) < oo}. Then y,y := curlVy is a measure concentrated 
on Jy such that 

Moreover, for p < there is a constant C = C{p) > 0 such that for all 

y E SBVooiQ) there is a function u G such that 

IIVm - Vyh^Q) < ClyyliQ) < C\\Wy\Un^-\Jy). 

3.2 Boundary components 

Using a density result alluded to above it will suffice to prove the main result for 
conhgurations where the jump set is contained in the boundary of squares. In this 
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section we recall the necessary notation and definitions for boundary components 
introduced in [ 22 ]. 

For s > 0 we partition up to a set of measure zero into squares Q^{p) = 
p + s(—1,1)^ for p E P ■.= s(l, 1) + 2sl?. Let 

:= |l7 CM" : 17= : / C/*}. (3.2) 

Here the superscript o denotes the interior of a set. Let /i > 0. We will concern 
ourselves with subsets V G Qfj, := (—yU.,p)^ of the form 

U m 

Xi, Xi G W, Xi pairwise disjoint} (3.3) 

i=\ 

for s > 0. Note that each set in 17 G V'^ coincides with a. set U G W up 
to subtracting a set of zero Lebesgue measure, i.e. U G V, C‘^(y \ U) = 0. 
The essential difference of 17 and the corresponding U concerns the connected 
components of the complements Q^\V and \ U. Observe that one may 
have Qf, \ lJ”Li W = \ UIli with (Xi,..., X^) 7 ^ (Xi,..., X^), e.g. by 

combination of different sets. In such a case we will regard 17i = \ 

and V 2 = Qfj,\ Uiii different elements of V^. For this and the following 

sections we will always tacitly assume that all considered sets are elements of 
for some small, fixed s > 0 . 

Let hF G and arrange the components Xi,, X^ of the complement such 
that dXi C for 1 < i < n and dXi HdQ^ 7 ^ 0 otherwise. Define TiiW) = dXi 
for i = 1,... ,n. In the following we will often refer to these sets as boundary 
components. Note that ljr=i ^^(IF) might not cover dWGQ^ completely if n < m. 
We frequently drop the subscript and write F(H7) or just F if no confusion arises. 
Observe that in the definition we do not require that boundary components are 
connected. Therefore, we additionally introduce the subset consisting 

of the sets where all 77i,..., Xn are connected. 

Beside the Hausdorff-measure |F|^ = 'H^(F) (we will use both notations) we 
define the ‘diameter’ of a boundary component by 

|F|oo := VkirP + k2Fp, 

where tti, ti 2 denote the orthogonal projections onto the coordinate axes. We 
recall that many arguments in the proof of the Korn-Poincare inequality in [22] 
relied on the fact that due to the strict convexity of | • |oo it is often energetically 
favorable if different components are combined to a larger one. 

Note that by definition of V* (in contrast to the definition of W) two compo¬ 
nents in (Fj)j might not be disjoint. Therefore, we choose an (arbitrary) order 
(ri)jLi = of the boundary components of IF, introduce 

0* = 0*(IF) = F\U r, (3.4) 
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for i = 1,... ,n and observe that the boundary components (0j)j are pairwise 
disjoint. With a slight abuse of notation we dehne 


|^i|co I-*- z|oo‘ 

Again we will often drop the subscript if we consider a hxed boundary component. 
We now introduce a convex combination of | • |oo and | ■ |^. For an h* > 0 to be 
specihed below we set 

|0|, = h*|0|H + (l-h*)|0|oo. (3.5) 

For sets hF G V® we then dehne 

IHr|U = 5^” |e,(n^)u (3.6) 

for Z = 'H, oo, *. Note that ||hF||oo, ||hF||w and thus also ||hF||* are independent 
of the specihc order which we have chosen in (I3.4p . Indeed, for ||hF||oo this is clear 
as |0i|oo = |Fi|oo, for ||hF||w if follows from the fact that ||hF||^ = Fj). 

From [22] we recall some elementary properties of | • |* which will be exploited 
frequently in the following. 

Lemma 3.2 Let W C Let F = F(hF) he a boundary eomponent with F = dX 
and let Q gT be the corresponding set defined in (I3.4p . Moreover, let V & W he 
a rectangle with V H X (/). Suppose that h* is sufficiently small. Then 

(i) |F|* > |9i?(F)|* ifV is connected, where i?(F) denotes the smallest (closed) 
rectangle such that F C R{T), 

(ii) |0|^ = |r|,y^|0|^ = |r|^, 

(ill) \d{X \ F)|oc < |0|oo and |0 \ V\n < |0k, 

(iv) 19(1/UX)|* < \dVU + IFF 

(v) — 2|9i?|oo < \dR\n if R is are rectangle. 

As a further preparation, we dehne H(W) D hF G as the ‘variant of W 
without holes’ by 

H{W) = Wu[jffix,. (3,7) 

Additionally, for A > 0 we dehne H^{W) D hF as the ‘variant of hF without holes 
of size smaller than A’: We arrange the sets (Fj)j=i^..._„ in the way that |Fjjoo < A 
for i > lx and |Fj|oo > A for j < l\. Dehne 

X I t'R 

H\W) = W U I Xj. (3.8) 

^j=lx 
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3.3 A Korn-Poincare inequality 

We start this section with the formulation of the classical Korn-Poincare inequal¬ 
ity in BD (see [30l|37]). 

Theorem 3.3 Let C bounded, connected with Lipschitz boundary and let 
P : —)■ L‘^{Q,W^) be a linear projection onto the space of infinitesimal 

rigid motions. Then there is a constant C > 0, which is invariant under rescaling 
of the domain, such that for all u G BD{Q, M'^) 

\\u-Pu\\^^^^^<C\Eum), 

where Eu = ig ifi^ symmetrized distributional derivative. 

There is also a corresponding trace estimate. 

Theorem 3.4 Let C bounded, connected with Lipschitz boundary. There 
exists a constant C* > 0 such that the trace mapping 7 ; BD{Q, M^) — )■ L^{dQ, M^) 
is well defined and satisfies the estimate 

117'*^ 11 Li (90) < C'(||m||i,i(o) + l-£^w|(n)) 

for each u G BD{D.,Mf). 

It first appears that this inequality is not adapted for linearized Griffith en¬ 
ergies of the form (12.71) (or their nonlinear counterparts (12.2p ) as in \Eu\{Q) the 
jump height is involved and in fl2.7p we only have control over the size of the 
crack. However, in [22] we have shown that one can indeed find bounds on the 
jump heights after a suitable modihcation of the jump set and the displacement 
held. Before we can recall the results obtained in ra. we have to introduce a 
further notation: We hx a sufhciently large universal constant c and let C 
be the subset consisting of the sets, where for a specihc ordering of the bound¬ 
ary components (rz)jLi components P; a corresponding rectangle 

Ri = R{Ti) G W such that 

(*) iTzloo < l^^zloo < clPzIoo, {ii) |0z|w < |5i?z|w, {in) < c|0 z|*. (3.9) 

In particular, the diameter of Pz and the corresponding rectangle Ri are com¬ 
parable. (Note that in [221 Section 5] we have dehned the set in a slightly 
different way. See also (3.5) and (3.6) in [22].) For given r > 0 and a rectangle 
Ri G W we dehne tz = f\dRi\oo and let N'^fidRi) G W be the largest set in 
W with N'^fidRi) C {x G \ i?z : distoo(3:, 9i?z) < p}, where distoo(3:, H) : = 
infyg^maxj=i ^2 \ {x — y) ■ ei\ for H C M^, x G M^. We can now formulate [221 
Theorem 5.2] as follows. 
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Theorem 3.5 Let e > 0 and > a > 0 sujficiently small. LetCi = Ci{a, h^) > 
1 large, 0 < C 2 = C 2 (ct, /i*) < 1 small enough, and f > 0 such that C 2 -C r 1. 
Moreover, let c > 0 be a universal constant. Then for all W G Vcon o,nd u G 
H^{W) there is a set U G with \U \ W\ = 0 and an extension u in SBV 

defined by 


^( 3 .) ^ \ Ax + Cl xeXi for all VliU) with m{dRi) ^ H{U), 
else, 

such that for all Ti{U) with N'^fidRi) C H{U) 



\[u]{x))\‘^ dn^x) < Cie\Qi{U)\l. 


Moreover, one has \W \ < c||?7|l^ and 


e\\U\U + ||e(V«)||i.(^) < (1 + a){e\\W\U + ||e(V«)||i.(^)). 


(3.11) 


Remark 3.6 (i) During the modification process in Theorem 13.51 the compo¬ 
nents Xn+i(W),... ,XraiW) at the boundary of might be changed and the 
corresponding components of U are given by Xfill) = Xj(W) \ H{U) for j = 
n-l-1 ,... ,m. In particular, one has \dXj{U)\^ < \dXj{W)\^ arguing as in Lemma 

IMl 

(ii) Observe that U ^ is possible as components can be separated by 
other components in the proof of Theorem 13.51 However, we can obtain a set 
U' C U with llt/'ll* < ||D||* and \U\U'\ < C\\U'\\i, < Cia\\U'\\^ such that 
all components of U' are pairwise disjoint and rectangular and thus particularly 
connected. Moreover, for each r(f/) the corresponding rectangle R{U) given by 
fl3.9p is contained in a component of U'. (Namely in the same component as 
T{U).) 


Recall (13.1 p and define S{V) = Jy |e(M)|-|-|D%|(l/). Observe that S{V) differs 
from \Eu\{V) as we consider the measure DA instead of EA. We then obtain 
the following corollary (cf. [2^ Corollary 5.7]). 

Corollary 3.7 Let > 0. Let Lf <Z U G and u G 

H^{U). Assume there is a sguare Q = {—jlAfi C such that (13.lip is satisfied 
for all components QfiU) having nonempty intersection with Q, where u is the 
extension of u defined in (I3.10p . Then there is a universal constant C such that 


|i7h|(Q)^<(T(Q))^<C/22|le(Vu)||^,(^,Q) + CCi^ie\dU n Q\n\dU 0 Qfin, 

where Ci is the constant in Theorem \3.5[ 
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Now observe that by combination of Theorem [331 Corollary 13.71 and Theorem 
13.31 one may estimate the distance of u from an infinitesimal rigid motion. We 
will exploit this property in Section lT2l [22l Lemma 6.7] provides the following 
estimate for the skew symmetric matrices involved in (13.101) . 

Lemma 3.8 Let he given the situation of Theorem \S . 3 for a function u G H^{W) 
and define y = R (id + w), where id denotes the identity function and R G SO { 2 ). 
Let V <Z be a rectangle and let RiV) he the boundary components {Ti)i = 
{Ti{U))i satisfying N'^’'{dRi) C V and fl3.1ip . Then there is a C 3 = C^{(j,h^) 
such that 

S - ^WLvnw, + n V\n) 

for p = 2,4, where Xi C Ai G given in fl3.10p . 

We close this section with a short remark about the constants involved in the 
above estimates. 

Remark 3.9 (i) The constants Ci = Ci{a,h^,), i = 1,2,3, have polynomial 
growth in a: We hnd z G N large enough such that Ci{a,h^),C 3 {a,h^) < 
C{hf)(j~^ and C 2 {cr,hf) > C{hf)R. 

(ii) The constant C 2 (ct, h*) can be chosen small with respect to a (see (5.12) 
in 1221 ). In particular, we can assume C 2 (cr, h*) <C a as well as C'C' 2 (cr, h*) < a 
for constants C = C{h^^). 

(hi) We hnd a constant C = C{h^) such that r < CC 2 (cf. (5.2) in [22]). 

(iv) If we apply Theorem 13.51 on sets W G some s s, where the 

length of all boundary components of W is bounded from below by s, we still 
obtain U G 

3.4 Geometric rigidity in nonlinear elasticity 

The following geometric rigidity result in nonlinear elasticity proved by Friesecke, 
James and Muller (see ra) is one of the starting points for our analysis. 

Theorem 3.10 Let 12 C a (connected) Lipschitz domain and 1 < p < 00 . 
Then there exists a constant C = C{Q,p) such that for any y G hF^’^(12, M'^) there 
is a rotation R G SO{d) such that 

m-R\\ Lp{n) — C||dist(V»,SO(<i))||„,„|. 

One ingredient in the proof is the following decomposition into a harmonic 
and a rest part. 
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Theorem 3.11 Let 12 C open and 1 < p < oo. There is a constant C = C{p) 
such that all y G M^) can he split into y = w + z, where w is a harmonic 

function and z satisfies 

IIV?/ - VM;||LP(n) = \\Wz\\LP(n) < C|| dist(V 2 /, 5'0(2))||LP(f^). 

Note that the constant C is independent of the domain 12. In higher dimensions 
one additional needs ||V|/||oo < M for M > 0 . 

Proof. Following the singular-integral estimates in m Section 2.4] we hnd 
II V. 2 ||LP(f 2 ) < c||cofV|/ —V|/||lp(q). The assertion follows from the fact that |coM — 
^ 1 ^ < Cpdist^ilA, S'0(2)) for all A e (see also (3.11) in [26]). □ 

For sets which are related through bi-Lipschitzian homeomorphisms with Lip- 
schitz constants of both the homeomorphism itself and its inverse uniformly 
bounded the constant in Theorem 13.101 can be chosen independently of these 
sets, see e.g. [26] . 


3.5 Geometric rigidity: Dependence on the set shape 

In general, the constant of the inequality stated in Section [3^ depends crucially on 
the set shape. This will be discussed in detail in this section. As an introductory 
example we consider the deflection of a thin elastic beam. 


Example 3.12 Let U = (0, 1) x (0, 5) and let y : —)■ R^ be given by y{xi, X 2 ) = 

(a; 2 -|-l)(sin(xi), cos(a:i)). Then 


Vy{xi,X2) 


f (x 2 -h 1 ) cos(xi) sin(a:i) 
\—{x 2 + 1 ) sin(a:i) cos(a:i) 


and therefore dist^(V 2 /, S'0(2)) = | \/Vy'^Vy — Idp = i.e. 

||dist(V|/,AO(2))||i.(^) = i5h 


Let Rt e SO(2), Rt = ( for 4, 6 |0,27r|. Then |V!,(x) - R\^ > 

I sin(a:i) — sin0p -|- | cos(xi) — cos0|^. It is not hard to see that it exists a C > 0 
such that Jq \\/y{x) —R\‘^ dxi > C for all G [0, 27r] and X 2 G (0, 6). We conclude 
that 

IIVs - Rfmv) >CS> ^11 dist(Vs,SO(2))||'i,|„, 

for all R G S'0(2). A similar argument shows 

lls - (R ■ +c)|l!r(n, > CT > ^11 dist(Vs, SO(2))||i,,„ 

for all R G SO{2) and c G R^. 
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Similar examples can be constructed in the linearized framework for the Korn- 
Poincare inequality given in Theorem 13.31 As a direct consequence we get that 
the estimate ( 12 . 6 ^ might be wrong without allowing for a small modihcation of 
the deformation. 


Example 3.13 Let ^ 0. Assume without restriction that the set U — (0,1) x 
(0,£3) considered above satishes U Gfl. Dehne ?/ : 12 — )■ by y{x) = id+ 62 for 
X e Q\U and|/(x) = (x 2 +l)(sin(a:i), cos(xi)) forx G U. Then?/ G SBV‘^{Q) with 
Jy = (0,1) X {0,£^} U {1} X (0,£^) and || dist(V?/, S'0(2))||^2(f2) = However, 
for all R G SO{2) and c G we have 

IIV?/ - i?||i.(^) > CeT \\y - {R ■ +c)||i.(^) > Cei 

Although omitted here, a similar estimate can be derived for the symmetric part 
of the gradient. 


Recall the dehnition of W in fl3.2p . In order to quantify how the constant 
in Theorem 13.101 depends on the set shape we will estimate the variation from a 
square Q®(a) to a neighboring square Q^{b), b = a + 2sp for v = Te^, i = 1,2 
proceeding similarly as in |26]. Consider y G H^{U) with U E U^. On a square 
Q^{p) C U and for subsets V G U, V E we dehne for shorthand (we drop the 
integration variable if no confusion arises) 


7(p) = 


f distal V!/,S0(2)), 7M = yi 

jQ-ip) 


p&i’>(y) 


7(p), 


where R{V) := {p E R : Q^{p) C V}. Applying Theorem 13.101 we obtain 
R{a),R{b) E SO{2) such that 



\Vy-R{p)\^<Cj{p) 


for p = a,b. 


(3.12) 


Likewise on the rectangle Q®(a, b) := (Q^(a) U(5*(&))° we obtain R{a, b) G SO{2) 
such that 


IV?/ — i?(a, 6)p dx < C 


dist\\/y,SO{2))<C{j{a)+^{b)). 


jQ‘‘(a,b) jQ‘‘{a,b) 

Combining these estimates we see |Q^(p)||R(p) — i?(a, 6 )p < 0 ( 7 ( 0 ) + 7 (fc)) for 
p = a, b and therefore 


s^\R{a) - R{b)\^ < 0 ( 7 ( 0 ) + 7 ( 6 )). (3.13) 


More general, we consider a difference quotient with two arbitrary points a,b E 
R{U). We assume that there is a path ^ = (.^qj • • •) Cm) such that 


Cl Cm b, 

Cj — Cj-i = ±2sej for some ? = 1, 2, Vj = 2,..., m. 


(3.14) 
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Then iteratively applying the above estimate fl3.13p we obtain 


n r\ ^ - ^TTL 

s^\R{a) — R{b)\^ dx < Cmy^ 7(0)- (3.15) 

We now state a hrst weak rigidity result. 

Lemma 3.14 Let fi,s > 0 such that I := G N. Then there is a constant 
C > 0 independent of ja, s such that for all connected sets U G W, U C (— 
the following holds: For all y G H^{U) there is a rotation R G SO{2) such that 


[ \Vy-R\^ <C{s-^\U\f [ dist\Vy, SO (2)) < Cl^ [ dist\Vy, SO (2)). 

Ju Ju Ju 

Proof. The second inequality is obvious as |17| < 4/i^. To see the first inequality 
we fix po G I^{U) and consider an arbitrary p G I^{U). As U is connected there 
is a path f = Po-, ■ ■ ■, im = v) with m <\U\{2s)~^. We first apply fl3.12p on 
each square and then by fl3.15p we obtain 


f \R{p) - < C|C/|s-= j;” < C\U\s-^j{U). 

Jqsp) 

Then setting R = R{po) and summing over all p G I^{U) we derive 

[ \^y-R\"<c:J2 (|V!/-fi(p)r + |fi(p)-fl(p„)|4 

Ju V y 

S GW + Glf'G(f/)) < c#/'((/) |(/|s-y(i7) 


□ 

Remark 3.15 (i) Let U = (0,1) x (0,5). If we choose s = |, Lemma 13.141 

provides a constant ~ (5-2. Example 13.121 shows that this estimate is sharp 
in the sense that the exponent of 5 cannot be improved. 

(ii) Following the above arguments we find that in Lemma [3.141 one can replace 
p = 2 by any 1 < p < cx) replacing F suitably by 

(hi) In view of the proof in the choice of R we have the freedom to select any 
of the rotations which are given on each square Q^{p) C 17 by application 
of (13T2]). 

We briefly note that similar calculations may be provided to estimate the 
difference of rigid motions. Consider 61,62 ^ 1^^, and the rectangles Rj = 6 j + 
(— /j,/j) X {—mi, mi) G W for i = 1,2, where we assume without restriction that 
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/i > mi > 0, I 2 > m 2 > 0. Suppose that there is a point bi2 £ n i? 2 - For given 
Ri,R 2 ,Ri 2 e SO{2) and Ci,C 2 ,Ci 2 G we set Ei := \\y - {Ri ■ +Ci)||^ 2 (B.) for 
i = 1,2 and assume that 


\\y - {Ri2 ■ +C12)\\l2(^BiUB2) - + E2). 


Then we hnd 


Bi U B2\{li + 12 ')^ l-Ri — R2^ "El Ck{Ei + E 2 ), (3.16) 


as well as 

\\y - {Rl ■ +Ci)\\l 2 (^BiUB 2 ) + \\y ~ (-^2 ■ +C 2 )\\l 2 (^BiUB 2 ) - Ck{Ei + E 2 ), (3.17) 

where k = This estimate follows similarly as in the geometri- 

cally linear setting treated in [2^ Section 2.2] and we therefore omit the details. 
Indeed, in all the calculations, in particular in (2.10) of [22], one may replace 
^skew tiy SO(2) since the estimates essentially rely on the fact that |i?ei| = |i?e 2 | 
which is satished for both and SO (2). Moreover, although we stated this 

property only for two rectangles for the sake of simplicity, we remark that an 
estimate of the above form also holds for sets with more general geometries. 

Similarly as in fl3.14p . considering two arbitrary points a,b E R{U) connected 
by a path ^ = (^i,..., ^m) with corresponding estimates 


~ R{ij-l)) • +c(^j) - c{^j-l)\\L^{Q‘_-^ .) < 


(here we dehned Qj-ij = (Q^(^j-i) U Q^{^j))°) we obtain (cf. (2.20) i 


m 


\\y - {R{a) ■ +c(a))||i 2 (Qs(fe)) < 


-^1-1 j 


(W- 


(3.18) 


In the last step we used Holder’s inequality. Similarly as before, (13.1 Sp also holds 
for any of the other rigid motions R{^j) x + c{^j) (cf. Remark l3.15l iiiH. 


4 Modification of sets 

Before we start with the proof of Theorem 12.11 we hrst introduce a procedure to 
modify sets. In particular, it will be fundamental to assure that during the mod- 
ihcation process boundary components do not become too large or are separated 
by other components. 

Recall the dehnition of the sets lA^, in Section We consider a Lipschitz 
domain H C and choose /iq so large that H C = {—fio,yoY- We let 
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be the largest set in satisfying C {x G hi : dist(a:, dQ) > ck} for k > 0 for 
some c > \/2 large enough. 

For sets W C PF G V®, we assume that one component in definition (13.311 
is given by X = \ In particular, all other components Xi,..., Xn satisfy 

dXi C as n C QfjtQ. We again choose an (arbitrary) order of and 

define (0j)j as in (13.4p . Recall the definition of || • ||x, X = *, 00,71, in (13. 5 p and 
(13.6p . Moreover, we recall that V^on C was defined as the subset consisting of 
the sets where all Xi,..., X„ are connected. 

We now introduce a modihcation procedure for sets. Given a set IF = \ 

Ui^i ^ some V we consider the modification 

= Q,\\J" XI, (4.1) 

where X' = Xj \ F for i = 1,... ,m and Xg = V. (It is convenient to start with 
index 0.) We observe that IF' = (IF \ F) U dV (as a subset of M^). Therefore, 
for shorthand we will write IF' = (IF \ F) U dV to indicate the element of 
which is given by (14.111 . We briefly note that then the boundary components of 
W' are given by ro(_lF') = 0o(lF') = dV as well as by T^{W') = d{Xj \ F) and 
= 0i(^) \ F for j > 1 (cf. also Lemma iT^ iii)). 

Having several pairwise disjoint sets {Vj)j C W the modification is defined 
analogously by IF" = (IF \ [J^ V)) U IJ^- dVj. 

As large surfaces of general shape may not be measured adequately in terms 
of I ■ loo, in what follows we have to assure that boundary components do not 
become too large. For 0<s<A</cwe introduce 

V,V) ■= 6 V‘„, : 2A < mfK{|7rir^(W0|, < 2fc for all Ti^W)]. 

By dehnition we have max{|7riFj(lF)|, |7r2Fj(lF)|} > 2s for all Tj{W) and there¬ 
fore we write for shorthand f.y 

Although we have to avoid that boundary components become to large, it 
is essential to combine small components. To this end, it is convenient to alter 
conhgurations on sets of negligible measure. 

Lemma 4.1 Let t > 2k, F > 0 and W G V®. 

(z) Then there is asetW e V/ with IF C IF, |PF\1F| = 0 and ||1F||* < ||1F||* 
such that 

F,,(lF)nF,,(lF) = 0 z/|F,,(lF)U<F fori = 1,2. (4.2) 

(ii) Then there is a setU G with U C IF, \W\U\ = 0 and ||f/||* < ||1F||* 
such that 

T{U) n Tj{U) = 0 for all Tj{U) ^ T{U) (4.3) 

for allT{U) with |F(F)|oo < k. 
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Proof, (i) The strategy is to combine iteratively different boundary components. 
Clearly, if |rj.(lT)|oo < k for i = 1, 2 with V j^{W) HTj^fW) ^ 0 we may replace 
W hy W = W \ U Xj^)° and note that W G V® as well as |hh \ hh'| = 0 
and ||hh'||* < ||1T||* similarly as in Lemma ESI (Recall that dXj. = Tj^iyV) for 
i = 1, 2.) We proceed in this way until we obtain a set W G V/ with |iy \ W| =0 
and ||1R||* < ||1R||* such that fl4.2p holds. 

(ii) We apply (i) and then proceed to combine two components Tj^ (W), Tj^{W) 
if rj^(W) n Tj^{W) 7 ^ 0 and min{|rjj(W)|oo, |rj 2 (lR)|oo} < k. Arguing as before 
we end up with a set U satisfying \W\U\ = 0, ||17||* < ||hh||* and fl4.3p . It remains 
to show that U G Consider some r(f/) = dX with |r(17)|oo > k and observe 

that there are r(W) = dX' with |r(iy)|oo > k and Tj^{W) = ^Xj^, i = 1,... ,m, 
with |r,,(W) U < K n = 0 for h ^ 12 and Tj^W) n r(W) ^ 0 

such that X = X' U [Jff^Xj.. But this implies |7rjr(17)| < 2 fc+| 7 rjr(iy)| < 2k+2t 
for i = 1 , 2 , as desired. □ 

In what follows we often modify sets by subtracting rectangular neighborhoods 
of boundary components. In this context it is particularly important that the 
components remain connected and do not become too large. By A we denote the 
symmetric difference of two sets. 

Lemma 4.2 Let k, t, t' > 0 with t, t' < Ck and u > 0. Let V <zVt^ with V G 12 * 0 ^. 

(i) Assume that for each component Xj = XjiV), j = 1,... ,n, there is a 
rectangle Zj G W with Xj C Zj, \'KidZj\ < \'KidXj \ + i'\dXj\oo for z = 1,2 and 
maxj=i ^2 l^^idZjl < 2t' for all j = 1,... ,n. Moreover, assume that Zj.^ \ Zj.^ 

Zj^ \ Zj^ is connected for all 1 < ji < j 2 < n. Then there is a set Lf G V^,, 
U C with [j"=iXjiU) = Ui=i^ n 12^ and \\U\U < (1 + ciy)\\V\U for a 
universal constant c > 0 . 

(ii) In addition let V G V/ he given and define W = V \ Then 

there is a set W & with |W \ W| = 0, |W \ W| < ct||fo'||* and ||iy||* < 

(l + ci/)||fo||, + ||W||, . 

As the proof of this result is very technical and in principle not relevant to 
understand the proof of the main result in the subsequent sections, it may be 
omitted on first reading. 

Proof, (i) Let V C with components and rectangles be given. 

It suffices to show the following: There are connected, pairwise disjoint 
with X' C Z,-, u;=i^ = u;=i^ and 

I U“..s E“.. ir>l«- (4--4) 

Moreover, we have X) = A Aj). Here Rj G W® is a rectangle and A* G W, 

z = 1 , 2 , are (if nonempty) unions of rectangles whose closure intersect the corner 
c* G dRj, where c], are adjacent corners of Rj. 
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Then the claim of the lemma follows for U = \ Indeed, to 

see ||17||* < (1 + ci/)||l/||* we hrst observe Xlj < J2j\9Zj\oo < (1 + 

cu) l^^iloo- Moreover, by (14.4^ we get 

mu < I U”., S (1 + c'WWn = (1 + cOI U”., (4-5) 

In the hrst inequality we also used \dX'j\oo < \dZj\co < Ck and G for c S> 
1. (Arguments of this form will be used frequently in the following and from now 
on we will omit the details.) Finally, we conclude U G V®/ as maxj=i 2 \7ridZj\ < 2t' 
for j = 1 ,..., n. 

We prove the above assertion by induction. Clearly, the claim holds for n = 1 
for X[ = Zi. Now assume the assertion holds for sets with at most n — 1 
components and consider C C 14^ with components and corresponding 

Without restriction we assume that max^g;g^a ;2 = max^^yn ^^^ 2 . By 
hypothesis we obtain pairwise disjoint, connected sets X", j = 1,... ,n — 1, 
fulhlling the above properties, in particular ljj=i — Uj=i Zj- 

Given = {z\, zl) x [z\, Z 2 ) we set = (zj, zf) x {z^, z|]. For j = 1,..., n—1 

let Zj i G W be the largest rectangle in satisfying Zj n C Z'^ C [JjZi Zj 

with z\ G Z'- ^ for i = 1,2. If ZC ^ 0 for some i, we let Z'- = ZC, otherwise we 
set Zj = Zj n Z„. (Note that Zjy = Z '2 if Zjy, Zj 2 7 ^ 0. ) 

Let Jo C {1,..., n — 1} such that Zj OZ^ = (/) for j G Jq. Let Ji C {1,..., n — 
1} \ Jo such that (Zj \ Z„) fl { 2 ;|, zf} = 0 for j G Ji and J 2 C {1,..., n — 1} \ Jq 

such that Zn \ Zj is a rectangle for j G J 2 . (Observe that Ji fl J 2 = 0.) Let 

J 3 = {1,..., n - 1} \ (Jo U Ji U J 2 ). Dehne Xj^ = Z„ \ Ujgjaujg Moreover, 

we let Xj = X'j for j G Jo U J 2 U J 3 and Xj = Xj' \ X^ for j G Ji. Clearly, by 

construction the sets are pairwise disjoint and fulhll Uj=i^j = Uj=i Zj- 

Moreover, we observe that the sets are connected and have the special shape 
given above. In fact, for j G Jo U J 2 U J 3 this is clear. For X'^ we hrst note that 
J 3 = J 3 UJI, where Zj intersects the lower right and the lower left corner of Z„ 

for i G J 3 and j G J|, respectively. (It cannot happen that Zj intersects only 

the other corners due to the choice of Z„.) We observe X'^ = Rn\ U A^) is 

connected, where Rn = Zn \ UjeJ 2 = Ujej| Z'j for i = 1 , 2 . 

Finally, to see the properties for j G Ji we hrst observe that Sj := Zj \ X^ 
is a rectangle. In fact, otherwise due to the special shape of Xj^ it is elementary 
to see that (Zj \ Z„) fl {zl, zf} 7 ^ 0 and thus j ^ Ji. We get Xj = Xj' fl Sj = 

^Rj n Sj) \ (Aj U Aj) is connected and Xj = Rj \ (Aj U Aj), where Rj = Sj and 
Aj = Aj n Sj for i = 1, 2. 

It remains to conhrm fl4.4l) . We hrst observe that 

E“.. le.O")!" = Ir.l« + (-‘■ 6 ) 
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(Recall that different boundary components may have nonempty intersection.) 
Similarly, for the components {Xj)j we find 



E TX 




W 


We now treat the two terms on the right separately. By Tj G W we denote 
the smallest rectangle containing Xj and observe that \dTj\oo = iBjIoo, < 

\Tj\y^. Recall + cu\dTj\oo < (1 + c^)\^j\H for j = ^, ■ ■ ■ Due 

to the special shape of the components we find and thus 




( 4 . 7 ) 


Moreover, it is elementary to see that we can find a connected set Xj D Xj 
such that Fj := dXj satisfies iFjl^ < (1 + ch')\Tj\'^ and Zj G W is the smallest 
rectangle containing Xj. By a projection argument it is then not hard to see that 

ldU).W)l« = |S(U)..F)I„ < \S(\JlX)\n 
£|a(U).W)l« + <=''Eir;l«' 

Consequently, we derive by (14.61) and (14.7p 


Uh|r.l« + m U“.. Xi)\n + |r 

n 


j\n 


E l L » ^ / L 




as desired. 


(ii) Let (F^)"li be the components of V and let Tj G W be the smallest 
rectangle containing Yj. It is elementary to see that Tj^ \ Tj^ is connected for 
1 < ji,j 2 < n'. Thus, by (i) we obtain pairwise disjoint, connected sets (Yj)j with 

Uj = Uj '^j ^rid define V" = \ \Sj=i ^j- By (i) for i/ = 0 we then also obtain 

E 11 foil*- Moreover, the isoperimetric inequality yields |I/'\I/"| < cf||R'||* 
since \dTj\oo < 2\/2t for all j = 1 ,..., n'. 

Let (Xj)^^^ and U G V/, as given in (i). We define W = {U \ ljj=ifo/) C 

{J^LidYj. Clearly, we have |W' \ W| = 0, |W \ W'| < ct||W|l* and ||W'||* < 
(1 + ci^)||I/||* + ||fo^||* arguing similarly as in Lemma 13.21 Observe that possibly 
IV' ^ s-s the components (X')j^^ of V may have become disconnected. Thus, 

we now construct a set VF G Vcon with |hF'AhF| = 0. 

By Rj G W we denote the smallest rectangle such that X) C Rj for j = 
1 ,..., u and observe M ■ Rj = M • X'-. To simplify the exposition we assume that 
each of the components {X'j)j has become disconnected as otherwise we do not 
have to alter the boundary component in the modification procedure described 
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below. Moreover, we can suppose that for each pair 1 < ji < n', 

1 < j 2 < n, with is not disconnected we have Xj^\Y'_^ is not disconnected. 

In fact, otherwise we can pass to some Y*^ C Yj_^ with \dY*^\^ < \dY-^\^ such that 
X'j^ \ Y*^ is not disconnected and IJj U IJ^ X'- = Y* U Uj X'^. 

We now proceed by induction. Let Wq = V" and T? = Y- for j = 1,..., n'. 
Assume there are pairwise disjoint, connected sets Tj“^ G Ui, j = 1 ,..., n' such 
that 


(“) U”., Y" = U”., y' u U''.'i Y (“) hr‘ 


n Jf; = r" n x; 


( 4 . 8 ) 


for all 1 < ji < n\ I < j2 Y n. Moreover, assume that the set lW_i := ^ 

satisfies ||Wi_i||oo < \dT°\oo + Etl and 


II W_,||« < IM 9r»|« +1 axi \ r»|„ + i |9x' n U_ r,»|„. (4.9) 


2 = 1 


We now construct Wi. Let C {!,...,n'} such that Tj ^ fl X; 7 ^ 0 with 
= J{u J 2 , where j G J2 if and only if Ri \ Tj“^ is disconnected. 

If 3 e Jl, we define Tj = Tj ^ \ X[, where X/ G L /2 is the largest set with 
X[ C X[. It is not hard to see that |i 9 Tj|oo < |cITj“^|oo for all j G J[ and | 9 Tj|^ < 
y X; 1 ^ + \\dTj~^ n X[\'}i + \\dXl nTj“^|^. As each x G is contained in 

at most two different 9 Tj“^, we find XljeJj ^X’i\u < I Ujej} r\X[\'}i. 

Therefore, taking the union over all components we derive 




U 


ar‘-‘ 

RJ\ ^ 


n — 


U, 




n 


i|5x;nU 


^0 
jeJ[ ^ 


H' 


( 4 . 10 ) 


Here we used fl4.8lh iij and the fact that the sets (Tj“^)j are pairwise disjoint. 
Observe that the above construction together with fl4.8p (ii) and the special shape 
of T° (see proof of (i)) implies that the sets T-, ? G Jl, are connected. Moreover, 
(iSl)(ii) holds for ji G J{. _ 

We define X( = X( \ UjeJ} ^ fo f^^t that X( 7 ^ 0 we observe 

that the number of connected components of the sets X( andy'\ 

[Jjfzj^ Tj~^ coincide. Therefore, letting Ai,..., Am be the connected components 
of x; \ it is elementary to see that m = 7 ( 1 ^ Jj + 1 . 

Up to a rotation by | we can assume that each Aj intersects the upper and 
lower boundary of Ri and that Ai intersects the left boundary. For convenience 
we denote the components (Tj' ~^)je4 by (T-. ^)T=i. Suppose Ri = (0,/i) x ( 0 ,/ 2 )- 

Let Oj = infa-g^, xi and di = Oj+i — a*, where 0^+1 = h- Define Tj^ = (Tj“^ U 
(Ai U A 2 ))° and Tj, = (Tj“^ U Ai+i)° for i = 2,... ,m — 1. Observe that the 














sets are pairwise disjoint, connected and that fld.Sp fiii holds for G J^- It is 
elementary to see that l^jjoo ^ \Tj~^\oo + di + d 2 and |TjJoo < |Tj“^|oo + dj+i for 
i = 2,... ,m — 1. Thus, we have 



< 


E 7TL — 1 _ 


«-i| 
ji ' 


+ \X'i\ 


( 4 . 11 ) 


For j ^ we dehne Tj = Tj ^ and observe that fl4.8p (i) holds by construction 
and the assumptions before (14.Sh . Together with (I4.10p and (I4.8p (ii) we then also 
get 


UFhi« ^ IU, i «+\ (U'l!L* u, F) i«+n u, h 


iw 


This in conjunction with fl4.9p for IFi_i implies that fl4.9p holds for 14^. Moreover, 
by (14.lip it is elementary to see that ||Wd||oo < Zlj \9Tj\oo + Yl\=i 

Finally, we define W = Wn and observe that W has the desired properties. In 
fact, by fl4.8p (ij we have |hFAhF'| = 0 and thus |IT\hF| < ct||I/'||*. Moreover, we 
clearly get ||IF|loo < ||A||oo + ||I^"||oo < (1 + ci^)||I^||oo + ||I^1|oo- As each a: e 
is contained in at most two different dX[, we find by (14.9p 


u < + 

= \\v''\W + 


nOI 

'jm 


U.FV\U,r 

n < Wy'Wn + (1 + cv 


{Jl.sx’cljx 


01 

j \h 


n, 


as desired. Finally, similarly as in Lemma [4. If hi we obtain \ 7 riXj{W)\ < 2t + At' 
ioT i = 1,2 for all j and thus W G ^ 


5 A local rigidity estimate 

We now establish a local rigidity estimate on a fine partition of the Lipschitz 
domain hi. As a preparation we introduce some further notions. Recall the point 
set P = s(l, 1) + 2sZ^, s > 0, introduced in Section 13.21 and the definitions 
of in (13.2p . (13.3p with respect to the square We define additional 

partitions. Set zi = (0,0), Z 2 = (1,0), Z 3 = (0,1), Z 4 = (1,1) and let If = 
szi + 2sl? as well as Qfip) = p + s(—1,1)^ for p G //, i = 1,..., 4. Moreover, for 
f/ C let 

It(U) = {p 6 It : Q‘(p) C U] 

for i = 1,..., 4. For shorthand we also write P = /| and = Q%. 

In the following, constants which are much smaller than 1 will frequently 
appear. For the sake of convenience we introduce one universal parameter. For 
given I > 1 and 0 < s, e, m < 1 we let 

H = Ccj.s-'e, (5.1) 
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where Cm = Ci(m, hCj + Cs^m, hCj + hCj with the constants of The¬ 

orem [33] and Lemma 13.81 (for hxed h^). By Remark l3.9f B we find some z G N 
such that Cm < C{h^)m~^. Moreover, for later let m = C 2 {m,h^,) and recall 
that by Remark Id.Qf ii) we can assume m <C m as well as Cttl < m for constants 
C = C{hC)- Using only one universal parameter the estimates we establish are 
often not sharp. However, this will not affect our analysis. 

Remark 5.1 All the constants C in the following may depend on h* unless they 
are universal constants indicated as C^- However, to avoid further notation we 
drop the dependence here. Only at the end of the proof in Section [HI when we 
pass to the limit h* —)■ 0, we will take the h* dependence of the constants into 
account. 

In the following, e will represent the stored elastic energy. We hrst construct 
piecewise constant S'0(2)-valued mappings approximating the deformation gra¬ 
dient. Afterwards, we employ Theorem 13.51 and Corollary 13.71 to find a piecewise 
rigid motion being a good approximation of the deformation. 

5.1 Estimates for the derivatives 

We divide our investigation into two regimes, the ‘superatomistic’ k> e and the 
‘subatomisic’ k < e. Here, recall that we call the e-regime the ‘atomistic regime’ 
as in discrete fracture models e is of the same order as the typical interatomic 
distance (c.f. [HU [25]). We begin with the superatomistic regime. 

Lemma 5.2 Let k > s > e > 0 with 1 <^ / := -. Let m~^ G M and assume that 

7 ^ 

— G M. Then for a constant C > Q we have the following: 

For all U eV^ with U <zVL^ and for all y G H^{U) with Ay = 0 in U° and 

7:=||dist(V|/,^0(2))||i.(^), (5.2) 

there zs asetW E with W C \W\U\ = 0, |(U\IU)nH3fc| < Cuk\\W\U 

and 

||fU|l, <(l + am)||f/||, + C'e-S. (5.3) 

Moreover, there are mappings Ri : W° —?■ SO{2), i = 1,..., 4, which are constant 
on the connected components of Q^{p) fl W°, p G ifipf), such that 

(z) ||Vz/-4|li.(,^)<c/S, 

(zz) \\Vy-UUw)<C^l- 
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(5.5) 


Proof. We first construct the set W. Let J C such that 


||dist(V2/,^0(2))||2 2(Q,(p^^^^ > ek 

for all p E J. Dehne 


W'=(f^\U„'3‘(P))uU,,/Q‘(P) 


and note that W E V^. In particular, the property W E holds since 
max{|7rirt(17)|, |7r2rt(17)|} < 2k. The fact that we add the union of the boundary 
on the right hand side assures that we do not ‘combine’ boundary components. 
Moreover, we derive ||1T||* < ||17||* + Ce~^^. Indeed, Y.p&j \^Qp\* < 8^ ' < 

(lb.2p . For all other TtiW) we hnd a corresponding Tt{U) (without re¬ 
striction we use the same index) such that 0t(IT) = Qt{U) \ [Jp(zj Q’^ip) and 

thus |0i(IT)|* < |04(17)|*. (Arguments of this form will be used frequently in 
the following and from now on we will omit the details.) Furthermore, we easily 
deduce |f/\W| < aA:||W||*. 

Then we can hnd a set IT G V|^ with ||IT||* < (1 -l- C'„m)||IT||*, |17 \ IT| < 
C„/i;||IT||* and IT° C {x G : distoo(x, cIIT) < 2sm}, where distoo(x, A) : = 

infj^g^maxj=i ^2 {{x — y) ■ ei\ for A C M^, x E M^. 

Indeed, let M(Tj) E be the smallest rectangle satisfying M{Tj) D {x G 
: distoo(x,Xj) < 2sm}, where Xj denotes the component corresponding to 
Fj(IT). Clearly, we obtain \7iidM{Tj)\ < |7riFj(IT)| -|-C'„m|Fj(IT)|oo for i = 1,2, 
j = 1,..., n as IT G V®. Moreover, it is elementary to see that M (F^J \ 
is connected for 1 < ji,j 2 < n since sm s. Then by Lemma l4.2f i) with 
Zj = M{Vj) we obtain a set IT G V|™ which coincides with 

SI® n {w \ 1J”_^ Af(r,)) = SI® \ 1J”_^ M(r,) (s.e) 

up to a set of negligible measure. Here we used sm k. Moreover, we have 

\iU\W)nn^>^\<Cuk\\W\U and ||IT||, < (1 + am)||IT||,. 

Boundary components of IT are possibly smaller than 2s due to the modih- 
cation in fl5.6p . Therefore, we apply Lemma ICT iil to get a (not relabeled) set 
IT G such that fl5.3p still holds and 04.31) is satished. Now the fact that 

U e and (gA]) imply IT G 

Fix i = 1,...,4 and let F C Qi{p) H IT° be a connected component of 
Qi{p) n IT°. Dehne F eW a.s the smallest (connected) set satisfying 

F D {x : distoo(x, F) < 2sm}. 

Due to the construction of IT we get F C IT° C U. As |F| < C„/c^, Lemma 13.141 
for fi = 2k implies that there is a rotation R E SO(2) such that 

<CfcV^|ldist(V2/,FO(2))||2,^^^ = C/S(F), 
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where for shorthand we write 'y{F) = || dist(V|/, S' 0 ( 2 ))||^ 2 (^)- As Vy — R is 

harmonic in F, the mean value property of harmonic functions for r = sm and 
Jensen’s inequality yield 


\Vy{x)-R\^< 


\Br(x) 


' Br{x) 


iyy{t) — R) dt 


<Ci{sm)-^ \Vy-Rn < CFm-^s-^-fiF) 


(5.7) 


for all X & F. Consequently, as F intersects at most nine squares Q^{p), p G 
\ J, by (15.51) and / = | we get || V?/ — < CRm~‘^s~'^ ■ ke < CF^'d 

as well as 

II V|/ - i?||i4(^) < cm-^\\Vy - < CMh- 

Proceeding in this way for every connected component F of all Qi{p), p G 
and noting that every Q^{q), q G F{Q^), intersects at most four different asso¬ 
ciated enlarged sets F {Q^{q) can intersect more than one set if it lies at the 
boundary of some Q^{p)) we obtain a function Ri : W° — )■ SO{2) with the de¬ 
sired properties fl5.4p . □ 

We now concern ourselves with the subatomistic regime. 


Lemma 5.3 Let M > 0, e > 0 and s < k < e. Then for a fixed constant 
C = C{M) > 0 we have the following: 

For all U with U (Z Of and for all y G H^iU) with 7 as defined in 05.21) and 
||V|/||oo < M there is asetW e withW Z \W\U\ = 0, |(f/\< 
C„/c||hP||* and 

IllJ^II* < ||17||* + Ce-S (5.8) 

as well as mappings Ri : 12^^ —?■ SO{2), i = 1,...,4, which are constant on 
Qi{p) n W, p G such that 

\\Vy-R.\\h^y,)<C^ + Ce\\U\U. (5.9) 


Proof. Similarly as in 05.51) we let J Z such that 

eR\dU n Q\q)) + II dist(V 2 /, ^ 0 ( 2 ))> c^ek (5.10) 
for all q E J. Dehne W = 12^^ D ((t/ \ UpeJ^^(^)) 

that the ||hP||* < ||fJ||* + Ce “^7 for c* = cfihfij > 0 sufficiently large. Indeed, 
for the subset Ji C J, for which 05.51) holds, we argue as in the previous proof. 
Then with J 2 = J \ Ji we note ||hP||oo < l|f^lloo + Ce “^7 J- 2\/2k ■ ffJ 2 and 
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||W^||w < \\U\\h + Ce~^'^ + 8fc ■ #J 2 — c^k ■ #J 2 . This gives the desired result for 
c* large. Moreover, we get hh G V| and \{U \ W) fl < Cu/c||hh||*. 

Consider some Q := Qi{q), q G We extend y from Q fl W to Q by 

setting V = y onW r\Q and v{x) = x for all x G Q \ bb. Note that h G SBV{Q) 
with Jy = dW n Q. By Theorem 13. II we obtain a function v G H^{Q) such that 
by a rescaling argument 

II Vh - Vn|lip(Q) < Ckv-^\\Vv\\^H\Jy n Q) < CMkh^k^-p(3^ < CMe^^v 

for p <2, where 13 = 'h}{dW flQ). In the second step we used (3 < Ck by fIS.lOp 
and applied k < e in the last step. Consequently, we obtain 

II dist(Vn, ^0(2)) < C|| dist(Vh, ^0(2)) ||^^(^^ + Ce(3. 

Thus, since 7 (Q) := || dist(Vh, ^0(2))||2 2 ^^^ = || dist(V 2 /, ^0(2)) the 

rigidity estimate in Theorem 13 .1 01 yields a rotation R G SO{2) such that 

<C||dist(Vn,^0(2))r^^(^^ <C|Q|^ 

< Ce"-^7(Q) = "S(Q) + CeP < + Ce^ 

< C7(Q) + Cep. 

In the second step we used Holder’s inequality and we applied flS.lOp in the 
fourth step. This implies \\Vy - Rf^pivvoQ) - 11'^^“ ^IIlp(q) - 

and proceeding in this way for all Qi{q), q G If (12^), we obtain a function Ri : 
QSk SO(2) such that for a constant C = C{h^ 

\\Vy-RA\ly^^^<C-i + Ce\\U\U 

where Ri is constant on Q’l{p) fl IT, p G lf{Vt^). Finally, by ||V2/||oo < M we 
derive 


II Vs - RiWy^w) <(M + \/2)2-»||V!, - < C7 + C4U\\., 

as desired. □ 

Given a deformation p : F —)■ for F C and a rotation R G S'0(2) 

we dehne the displacement held ur := — id, where id denotes the identity 

function. We introduce the linear elastic strain by 


ei?(V|/) := eiVuR) 


R'^Vy + {VyfR 
2 


Id, 


where Id denotes the identity matrix. For a general function R : F ^ SO{2) 
we then dehne for shorthand «p(F) = \\^RC^y)\\‘L^{F)- Applying the linearization 
formula 


dist(G, FO(2)) = |eR(G')| + 0(|G - R\^) (5.11) 
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for R G SO{2) and G G we get 

a^(F)= f |e^(V2 /)p<a / diseiVy, S0{2)) + [ \\/y - R\\ (5.12) 

J F J F J F 

Here we already see that it suffices to establish a rigidity estimate of fourth order 
as in Lemma [5.21 in order to bound the symmetric part of the gradient. One of 
the main ideas in the following will be to choose I = l{s, e, m) in (15.dh such that 
■d < 1 which will imply a^^iW) < Cu"^- 


5.2 Estimates in terms of the H^-norm 


We now show that not only the distance of the derivative from a rigid motion can 
be controlled as derived in (15.4p and (I5.9p . respectively, but also the distance of 
the function itself. Once we have such estimates we will be in a position to ‘heal’ 
cracks (see Section [6] below). After the modification of the deformation v = sd 
will stand for the minimal distance of two different cracks, where d represents the 
corresponding increase factor. It will turn out that the least crack length will be 
given by A = i>m~^. Moreover, k = \m~^ will denote the size of the cell on which 
we apply Theorem 13.51 Define 


Si:=U 





and note that C lj^=i Recall fl3.ip . fl3.7p . fl3.8p and the definition m = 
02 (m, h*) (see below fl5.ip L We will proceed in two steps first deriving an 
estimate for the total variation of the distributional derivative (cf. Corollary 
13.7p and then employing Theorem 13.31 For shorthand we will write jiF) = 
II dist(V|/, S'0(2))|||2(^), 6 p{F) = Ylt=i II V|/ - RiWlpi^p) for p = 2,4 and subsets 
Few. 


Lemma 5.4 Let k>s>0,e>0 such that I := ^ = dm~‘^ for d G N with 
m~^,d S> 1. Let A = sdm~^ = km. Then for constants C, c > 0 we have the 
following: 

For all W G wzth W C and for all y G H\W) with 

7 := II dist(V!/,SO(2)||i,,„,,, := ||V'i/ - 

for mappings Ri : W° —)■ SO{2), i = 1,..., 4, which are constant on the connected 
components of Q^{p) fl W°, p G we obtain: 

We find sets U G Uq G with U C Uq C \Uq \ IF| = 0 and 

KW \ D) n D^^l < Cuk\\U\\, such that 

||f^||* ^ (1 + C'u^)||fh||* + C'e ^(7 + ^ 4 ) (5.13) 
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as well as 


\Q^{p) nl/ql > cm\‘^ for all p e J{Uq), (5.14) 


where J{Uq) := {p G : Q ^{p) n Uq ^ 0}. 

Moreover, letting Uj = UpeJ(i 7 Q) Q^ip)’ * = 1,... ,4 we find extensions pi G 
SBV‘^{Uj n with pi = y on Uq H Si such that for all Q := Q^^ip) H Uj, 

p G j = 1,..., 4, with Q C Si we have that R, = Riliyof^q is constant on 

W° n Q and 

{\E{Rjyi-id)\{Q)f<CeC^mm\ek,^{WnQ^,\q)) 

'' (5.15) 

+ <54(11^ n Qf (g)) + e\dwn Qf (g)|«}, 

where q G such that Q C Qi{q)- 

Proof. Similarly as in the previous proof we let J C such that 

eWiQ^qp) n aW) + II dist(Vs, SO(2))||i.,g„,p|nH.) 

+ 2-^i=\ ~ -^*llL4(Q3fe(p)n^y) > c*e/c 

for all p & J. Dehne W = {W \ [jp^jQ^^ip)) U 
choosing c* sufficiently large and arguing as in the previous proof 

||IV||, <1111^11,+ ^6-^(7 + 54 ), 


(5.16) 
note that 

(5.17) 


W G as well as \(W \ W) fl < C'„/c||iy||*. We now subsequently 

construct sets 17i D ... D U 4 (the inclusions hold up to sets of negligible mea¬ 
sure) by application of Theorem 13.51 on connected components of W (Step (I)). 
Afterwards, since in Theorem 13.51 the trace estimate cannot be derived for com¬ 
ponents near the boundary, we will further modify the sets in a neighborhood of 
large boundary components (Step (II)). A hnal modihcation procedure will then 
assure property fl5.14p (Step (HI)). 


(I) Begin with i = 1 and hx g G 1^(17^^). Consider a connected component F 
of Qi{q) n W°. As = i? is constant on F we obtain aR{F) < C{p{F) + dfiF)) 
by fl5.12p . Dehne := Q\{q) and recall fl3.7p . Passing to the closure of F (not 
relabeled) we can regard F as an element of with respect to (recall fl3.3p h 
where one component is given by X = \ H{F) G (Observe, however, 

that Qp, \ H{F) may intersect several components of W.) We apply Theorem 13.51 
on F C Qp for e = e, a = m to obtain a set G G with |G \ F| = 0 and 

e||G||* -|- aji{G) < (1 -I- G„m)(e||F||* -|- aji{F)). (5.18) 
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(Recall that the sum in ||-F||* runs only over the boundary components having 
empty intersection with dQ^.) Moreover, similarly as before we have 


\F\G\<Cuk\\G\U (5.19) 

and using fimi) . (l33])(i),(ii) for all ri(G) G T{G) := {r* : N^^{dRt) C H{G)} 



|[g,|(x))|"<;w‘(x)<cc„£|r,(G)|^, 


where yi is the extension (cf. (13.101) 1 


(5.20) 


yi{x) 


y X eW, 

R{ld + At)x + Rct X e Xt for Tt{G) eT{G). 


(5.21) 


Here recall that dRt are the rectangles given by (13.91) as well as r* = T\dRt\oo 
\dRt\oo- 

We proceed in this way for every connected component {Fj)j of all Q\{q), 
q G If (n^^) and dehne Ui = {W \ IJ^. Fj) U IJ^. Gj G (Observe that one may 
have C H{Fj^). In this case the above arguments can be omitted for Fj^.) 

By Q we denote the set of boundary components r(f/i) which do not coincide 
with some Tt{Gj). Note that by (15.121) and (15.171) 


e\mu < e||f/i||, + «^^(17i) < (1 + G^m){e\\W\U + «^,(fR)) 

< (1 + 014/71)61111^11* + 0(7 + ^4). 


(5.22) 


The second step follows as by construction for each r(17i) G Q there is a r(W) = 
dX such that r(f/i) C X (recall Remark l3.6f i)). By (I5.19p we also get \W \ 
Ui\ < Ou/c||f/i||*. Moreover, by Remark [T 6 f ii) we can replace the components of 
Gj G by rectangles such that the resulting set G) lies in Recall that 

the (rectangular) components of G) satisfy maxi=i ^2 |7rir(G))| < 2 k. 

Then we dehne U" := (W \ IJj Fj) U IJ^. G) G We now apply Lemma 

I4.2f iil for 1/ = 0, {Zj)j the rectangular components of (G))j and V the set whose 
boundary components are given by the elements of Q. We obtain a set tj[ G 
with ||G(||* < ||Gi||* and \tj'( \ tj[\ < G„fc||G(||*. (Strictly speaking, we need to 
pass from to but do not include it in the notation for convenience.) 

Likewise we observe \IJ[ \ W| = 0 and \W \ IJ[\ < G„/c||G(||*. Additionally, we 
apply Lemma Id.lf ii) and get a (not relabeled) set U[ G such that (14.31) 
and (15.221) hold. As in the proof of Lemma 15.21 this implies IJ[ G since 

^ e Vf-,), i.e. the least length of components is bounded from below by s. 

In the following, by a slight abuse of notation, we say that a component 
rt(G(), which coincides with some dXt = rf(G') for some component G', satishes 
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fl5.20p if all corresponding (rt^(G))s with ri^(G) C Xt satisfy fl5.20l) . It is not 
hard to see that fl5.20p is satished for all boundary components with (recall flS.Sp i 

rt{u[) n ^ 0, |ri(?70loo < |, iv,(r*(i7i)) c hI{u[), 

where N^{Tt{Ui)) = {x : dist(a;, rt(17()) < Crh\Tt{U[)\oo} for some large constant 
C = C{h^) > 0. Indeed, assume that there is some = rt^(G) C Q\{q) such 
that for the corresponding rectangle Rg one has N'^‘’{dRs) ^ H{G) although the 
corresponding r 4 (G') = dXt fulfills the above three properties. First, we observe 

Rs C Xt by Remark [3.6f iil and thus Rg C By fl3.9lh il we get |c?i?s|oo < 

GlFsIoo- Consequently, since Tg ^|5Rs|oo (recall the assumption in Theorem 

fld.Sp ) we have N'^’’{dRg) C Qi^{q)- Since by assumption N'^‘’{dRg) (/l H{G), this 
would imply \dH{G) D Q’Kq)]^ > 

Consequently, there is a chain of components (X= {dXtXU[))Xi 
such that TtXU[)ndQ^ X 0, Xt„{U[)nN-XdRs) X 0 and Tt,_XU[)nTtXU[) X 0- 
Thus, by (I4.3p there is one r*(f/() with |r*(17()|oo > | such that Fl 

X^{U[) X 0- Recalling that Rg C Xt and Tg < Crh\Tt{iJi)\oo for C sufficiently 
large by Remark [XW iiil we hud iV*(rt(?7i)) nX*(17() X 0- This, however, is a 
contradiction to N^{Tt{lJi)) C 

We now iteratively repeat the above construction for i = 2, 3,4 for Ul_i instead 
of W and obtain extensions |/ 2 , ys, Va as well as and sets U'^ <Z ... <Z U'l C. 

W (the inclusions hold up to a set of negligible measure) with U'^ G such 

that fl5.22p holds for a possibly larger constant replacing tJi by Ua- We briefly 
note that the sets are elements of due to Remark I3.9l iv). Moreover, for 
i = 1,... ,4, (15.201) is satished for yt and all boundary components Tt{U-) with 

r,((7') ns. 0 . |r,((/')|„ < | and N.(r,{u;)) c -»*(&'). 

For later we also observe that due to the local nature of the modihcation 
process and fl5.18p we get 

mnQ’-mn < C\dwnQf(q)\H 

+ Cf-' ( 7 (W n Qf(q}) + it{wn Qf(q))). 

Although the inclusions for (f/')^^^ only hold up to segments, we observe that the 
sets are ‘nested’ concerning small boundary components in the following sense: 

Letting U* = IJ[ n {H^{U[))° we obtain 

UIC.-.CUX (5.24) 

Indeed, assume e.g. there was a component X{U^) and components Xi,... 
of U 2 with X{U^) C Uj=i Uj=i C X{Ul) X 0- Then by construction 

of the sets we clearly hud some X^ with dXt n X{lJl) X 0) \ Xi\ > 0 
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and \dXi\oo < |. This, however, together with fl4.3p gives a contradiction to 
X{lJl) C In particular, fl5.24p implies C ... C H^{U[) up 

to sets of negligible measure and thus for i = 1,...,4, (15.201) is satished for 
yi and all boundary components with n S'* 7 ^ 0 , |rt(f)j')|oo < |, 

N^{Tt{U-)) C Hs{U'^). We want to remove the third condition. For that reason, 
we subtract neighborhoods of large boundary components as follows. 

(II) Let U* = and let ri(f/*),..., be the boundary com¬ 

ponents. For Fj(f/*) let M{Tj) be the smallest rectangle in satisfying 
M(Fj) D {x G : distoo(a:, < Ckifi] for the constant (F > 0 intro¬ 
duced above, where Xj denotes the component corresponding component to 
Tj{U*). Clearly, using the fact that Cih < m (see (15.ip ) one has \TTidM(Tj)\ < 
\7riTj{U*)\ + Cum\Tj{U*)\oo < 31fc for i = 1,2. As the components {Xj)j are 
pairwise disjoint and connected, we obtain Z{Tj-^) \ Z{Tj^) is connected for all 
1 ^ ^ where ZiTj) denotes the smallest rectangle containing Xj. Con¬ 

sequently, since the neighborhoods M(Fj) \ 2’(Fj) all have the same thickness 
~ Ckrh, we get that M(FjJ \ M(Tj^) is connected for all 1 < ji,j 2 < n. 

Then by Lemma lT2]( ii) applied on 1/ = U*, V' = \ U|rj({>')|<- 

obtain sets f/j with |(Ld \ [J^=iM(Tj)) \ Ui\ < C„/c||W||*. In particular, we set 
U = Ui and observe that U G V|^. Moreover, we obtain ||f/||* < (l-|-C„m)||I/||*-|- 
||I/'||*. As f /4 satishes (14.31) . we derive {dV fl dV) fl = 0 and therefore 

||f^||* < (1+ C'„^)||h^ 4 l|*, be. fl5.22p holds replacing Ui by U (possibly for a larger 
constant). Applying Lemma ICT ii) we get (not relabeled) sets Ui G satisfying 
fl4.3p . For later we note that f /4 C ... C t/i up to sets of negligible measure. This 
follows from (I5.24p and the fact that in Lemma I4.2f ii) the components of V are 
replaced by corresponding rectangles. Arguing as in (15.241) we also hnd 

f /4 C ... C f/i, where f/* = f/^ n (ift {Ui)Y (5.25) 

fe A/ 

In particular, this also implies Hs{Ui) C ... C H&{Ui) up to sets of negligible 
measure. 

We now see that for z = 1,..., 4, fl5.20l) holds for for all components satis¬ 
fying 

Fi(f7,)nF,^0, \Ti{UY\oo < Ik. (5.26) 

(Strictly speaking (I5.20p holds for the corresponding components of Ui.) In fact, 
since C'm|Ft(17') |oo < ^Cm for |Ft(17')|oo < |, due to the construction of U 
components with \Tt{Ul)\oo < | and A'*(Ft(17')) ^ H^{UY) are ‘combined’ with 
a boundary component of U'^ which is larger than |. 

We apply Lemma I4.11 i) to obtain a (not relabeled) set U G satisfying 
fl4.2p . For each Tt{U), f = 1,..., n, let A^i(Ft), A' 2 (rt) be the smallest rectangles 
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in satisfying 

A^i(rt) D {x e : distoo(a^,^t) < min{i?m|rt([7)|oo, 2A}}, 

N2{Tt) D {x e : distoo(x, X*) < Bm niin{|rt(f7) |oo, A}} 

for some i? > 0 (independent of h^) and A = km, where Xf is the component 
corresponding to T^lU). It is not restrictive to assume that 

H^{N 2 {T,) n {dU \ {Tt{U) U dHl{U))) < CBm min{|ri(f/)U, A} (5.27) 

for all Tt{U) with |rt(f/)|oo < Indeed, otherwise we replace U hy U' : = 
[U\N 2 {Tt))udN 2 {Tt), where X 2 (rt) = (X2(ri)ni7t(f/))°, and arguing similarly 
as in fl5.16p and Lemma l3^ we get Let Xt' 7 ^ Xt, be the 

components of U having nonempty intersection with Clearly, we have 

\dXti\ao < |. We dehne T = X 2 (Lf) U [J^, Xf/ and modify U' on a set of measure 
zero by letting U" = {U' \ T) U dT. Arguing similarly as in the proof of Lemma 
14. II we hnd and \\U''\\* < ||f7||*. Then by Lemma HdT i) we hnd a (not 

relabeled) set U" which additionally satishes fl4.2p . We continue with this iterative 
modihcation process until fl5.27p is satished for all components smaller than |. 
Finally, by Lemma Id.lf iil we obtain a (not relabeled) set U" G satisfying 
fl4.3p . Noting that during the modihcation procedure components larger than | 
do not become smaller than | we also hnd Hs(U") C Hs{U). For convenience 
the set will still be denoted by U in the following. 

(Ill) We now hnally construct the sets Uq and U. For each t = 1,... ,n dehne 
the rectangle 


Zt = [ \ Q^(p). (5.28) 

We hnd Zt C Xi(Ft) and for sufficiently small components one has Zt = 0. 
Choosing B sufficiently large we get Xt C Zt if |9Xt|oo > |. Rearrange the 
components in a way that Zt = ^ for t > n'. This implies 

\ m (U) C 1J”_^ Zt. (5.29) 

Let Yt G 7/®”* be the smallest rectangle containing Z^ U X^. By the dehnition of 
Xi(Ft) and Zt we obtain 

|7ri(917| = |7ri9(Zf UXt)| < |7riFt(f/)| + C„m|Ft(7()|oo, i = 1,2 (5.30) 

for some = Cu{B) large enough. As {Xt)t are pairwise disjoint and connected, 
it is elementary to see that Zt^ \ Zt.^ ^t 2 \ is connected for all 1 < ti, ^2 < n'. 
In fact, assume there were ti 7 ^ t 2 such that ttiZ^j C ttiZ*^ and 7 r 2 Zt^ C 7 r 2 Zt 2 . 
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Then due to the dehnition of the neighborhoods we find TTiXt^ C and 

T^ 2 Xt^ C 7 r 2 . This, however, implies Xt^ 7 ^ 0 and yields a contradiction. A 
similar argument yields that Yt^\Yt 2 or is connected for all 1 <ti,t 2 < n'. 

Dehne U'q = U \ ljj=i let J C such that (cf. also (Ih.lhh ) 

n\Q\p) n dU'g) > c,X (5.31) 


for all p & J. Then let Uq = fl Uq) \ [jp^j Q^{p)- Observe that possibly 
Uq ^ V'cw- Therefore, we now define a set 17 C Uq with connected boundary 
components. 

By Lemma I4.2f iil for 17 = \ Xt, V = \ IJtLn'+i obtain 

a set U' with \{U \ Yt) \ U'\ < 0„/c||17'||* such that U' E Moreover, 

recalling fl5.30p as well as \dXt\oo < | for t > n', we get U' E for m 
sufficiently small. Using fl5.30p and the fact that U satisfies fl4.3p we have ||f/'||* < 
(1 + 0„m)||17||* + ||17'||* < (1 + 0„m)||17||*. Finally, again using Lemma lT% ii) 
we find a set U E with 


^ (IJJ'^ Yt U X, U Qpp))) \ u\ < «||f/||. (5.32) 


Arguing similarly as in fIS.lOp . fl5.16p we find ||f/||* < ||f/'||* < (1 + 0„m)||17||*. 
This implies fl5.13p since U satishes fl5.22p . Moreover, we derive |(P17\f/) < 

Cuk\\U\U. 

Dehne Uj as in the assertion of Lemma IFiTl We see that all Tt{Ui) = dXt with 
rt(17i) n 17} 7 ^ 0 satisfy |rt(Ui)|oo < |- In fact, if |rt(17j)|oo > |, we would have 
Xt C \ {H^{Ui)Y and thus Xt C \ {H^{U))Y where we used H^{U'') C 
Tfs (17) C H& ( 174 ) C H» [Ui) up to a set of negligible measure (see fl5.25p L (Recall 
that the set U” given by the modihcation described below fl5.27p is also denoted 
by U for convenience.) Therefore, by fl5.29p we get rt(17i) (Z Xt EL U^=i and 
thus Ttipi) n 17} = 0 giving a contradiction. Consequently, by (I5.26p 

holds for Pi for all rt(17i) with ^(17^) n 17} n ^ 0. (5.33) 


For later we recall that the corresponding components (Ft^(G))s with Ft^(G) C 

Xt{Ui) (which satisfy (I5.20p ) also satisfy 113.9p since G E Consider Q : = 

Q^^{p)r\Uj C Si- We observe that Q consists of a bounded number of squares and 
that QOUq is contained in a connected component F of Qf (g) nlU°. Indeed, this 
follows from the fact that due to the construction of Uq, in particular 115.28p . two 
connected components Fi 7 ^ F 2 , F) fl S'* 7 ^ 0 for t = 1 , 2 , for which H{Ft) is not 
completely contained in another component H{Ft>), fulfill dist(Finl7j, F 2 nl 7 j) > 
2A. This observation also implies that Q° is connected, i.e. each Q Z Q shares 
at least one face with the rest of Q. Consequently, Corollary 13.71 together with 
irai yield 

mRlvi - id)l(Q))' < CX^anYUQ n Q) + CkCme\dU n Qf(g)|^, 
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where Ri is the value of the constant function Ri\F- Then fl5.23l) and fl5.16l) imply 
\dlJi n Q\{q)\H < Ck which together with fl5.12p yields fIS.lSp . For later we note 
that Corollary 13.71 also yields 

- R^ id)l(g))' < CX^an^iUQ n Q) + CkC^e\dU, n Q^{q)\l^. (5.34) 

It remains to show (I5.14p . Consider Q = Q^{p) with Q fl f/g 7 ^ 0 and show that 
\Q n Uq\ > cmX^. First note that Q r\UQ = Q r\U. Let F = F([7) = dX be the 
boundary component maximizing |Xng|oo- If |r|oo > | we get a contradiction for 
B large enough as then Qnt/j = 0. Assume \X nQloo A. Then (I5.3ip and the 
isoperimetric inequality imply |g\^ol < Cu ^ ^nX Y,t \Xt{U)n 

g|oo ^ CuX^ and thus \Q fl Uq\ > cmX^ for m small enough. Therefore, we may 
assume that 

|/c = |m“^A > |F|oo > |A7 n Qloo > cA (5.35) 

for c > 0 small enough. It is not hard to see that |(A' 2 (F) \ X) nQI > CBmc^X^. 
Indeed, an elementary argument yields |A" 2 (F)ng| > CBmc^X^. Moreover, if we 
had |g \ Af| Bmc^X^, we would get Q C A'i(F) and thus Q H f/g = 0 by the 
construction of Uq. We can assume that ^(F) fl dHs(U) = 0 since otherwise 
a component larger than | intersects Q and we derive Q n f/j = 0 as before. 
By fl4.2p this also implies that all components Xj{U) with Xj{U) fl A'2(F) 7 ^ 0 
satisfy Xj{U) flF = 0. Thus by the isoperimetric inequality and by (I5.27p we get 
|A'2(F) nQn7/| > |(A'2(r) \A:) nQI -^(EAm)^ This implies 

IQ n f/gl = IQ n g| > IQ n f7 n Ar 2 (F)| > \{N 2 iT) \ x) n Q| - C{BXmy 

> —CB^X^m^ + Cc^BmX^ > cmX^ 

for m sufficiently small. □ 

Remark 5.5 (i) For later we observe that there is a set G with 

(*) ||t/"'||* < (l + am)||W||, + C'e-'(7 + 54), (**) ||^7^lk < a||17^||, (5.36) 

which coincides with the set Uj considered in the previous lemma up to a set 
of negligible measure. In fact, we apply Lemma f4.2l i) on the rectangles (.^t)JL^ 
considered in fl5.28l) and find pairwise disjoint (^t)r=i lj^=i = Uj=i 
We dehne 

where J as in (I5.32p . By Lemma iT^ i) we get (i) and G since \’nidZt\ < 
2 ■ 34/c + CuTuk < 70fc for i = 1, 2. Moreover, (I5.36p (ii) is a conseqnence of Lemma 
13.21 and the fact that (^i)t, (Q^(p))pej are rectangles. 
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Clearly Uj <Z . Moreover, we see that \U^ \ Cj| >0 can only happen if 
there is a square Q^{p) C and components {Xt{U))t of U such that Q^{p) C 

[j^Xt{U). Since we can suppose \dXt{U)\Qo < | (otherwise the components are 
contained in some rectangle ZJ, this yields a contradiction to fl4.2p . 

(ii) For i = 1,..., 4 we have 

\dUi r\u°j\H< Cumw* + Ce-\^ + < 54 )). 

In fact, recalling fl5.33p we get that all Vt{Ui) with Tt{Ui) Cl t/} 7 ^ 0 fulhll fl5.20p 
and fl3.9p . Thus, we obtain \Qt{Ui)\u < Cu\Qt{Ui)\^ and the claim follows from 
fl5.22p replacing Ui by IJi. 

We are now in a position to prove the main result of this section. Recall the 
dehnition A = sdm~^ = km and (15.ip . 

Lemma 5.6 Let /c > s, e > 0 such that I := - = dm~^ for m~^,d G N with 
m~^, d S> 1. Then for a fixed constant C > 0 we have the following: 

For all W G with W C 12^^ and for all y G H^{W) with || V|/||oo < C, 'j as 

defined in fl5.2p and 

'*1 ■= h := Y.‘„, - A|li»(iy) (5-37) 

for mappings Ri : W° —?■ SO{2), i = 1,... ,4, which are constant on the connected 
components of Q^ijp) fl W°, p G we obtain: 

We find sets V G Uj G with V C Uj and V C |R \ PF| = 0, 

|(fF \ R) n f2“| < Cuk\\V\\, such that 

||R||* < (1 + Cum)\\W\U + Ce-\-f + 6^) (5.38) 

as well as mappings Rj : Uj —)■ SO{2) and Cj : Uj —)■ which are constant on 

Qjip); P ^ such that 

(*) \\y ~ {Rj '+dj)\\\2(y^i < m.m.p=2,A{^ +'dp){'l + dp + e\\W\\:^), 

ill) ||V2/-R,||i,(^)<CC^(<5, + ^p(7 + d4 + e||W||,)), p = 2,4, (5.39) 

(m) \\R^^-R,,\\l,^^^^<CCl{5, + U^ + h P = 2,4, 

{iv) \\{Rji ■ +Cji) — {Rj 2 ■ +Cj 2 )||L 2 ([;_^) < CC^A^ min(l + 'dp )(7 + 6p + e||PF|l*) 

for ji, 72 = 1) • • •) 4, j = 1,..., 4, where ■^4 = ■d and ^2 = 1. Moreover, we have 

^ • +Ci) - {Rji ■ +C2)IIl°°({/j) + \\Rji ~ Rj2\\L'^{Uj) ^ C'd (5.40) 

for d = min{'d(l + d), and under the additional assumption that Ay = 0 in 
W° we obtain 


\-^y-{Rj •+c,)||i^(^)<Cd(l + d). (5.41) 
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Proof. Apply Lemma 15.41 to obtain U G Uq G V®”* with \Uq \W\ = 0, 
Uj and extensions yi : Si PUj ^ snch that fl5.13p . fl5.14p and fl5.15p hold. 
Consider Q = Qj{p), p G j = 1,..., 4, with Q f] Uj ^ Moreover, 

let Q = Qf^{p) n Uj. As 6A < I by m <C 1, we find some Q\{q) for some 

i = 1,... ,4 with Q C Ql (q) C Si and therefore we can apply (15.151) . Recall 
that R := Rilvi/opg is constant dne to the constrnction in Lemma 15)41 (see below 
fl5.33p ). By Theorem 13.31 we find A G and c G snch that 

||^,-R(Id + A) .-Rc\\l,^^^ = \\Ffyi - {A-+c)\\1,^q^ 

<C{\E{Ffy,~id)\{Q)f<CeG, 


where 

G := min jefc, 7 (hL n Qfiq)) + < 54 (hL n Qf (g)) + e\dW n Qf{q )|^}. 

The constant G is independent of Q as there are (up to rescaling) only a finite 
number of different shapes of Q. (Also recall that each Q <Z Q shares at least 
one face with the rest of Q.) 

In the proof of Lemma [5.41 we have seen that all T^ = Tt{Ui) with Q n R 7 ^ 0 
satisfy fl5.2Up for yi and iRloo < | as well as N'^’-{dRt) C Qi{q) (cf. 05.331) ). Thus, 
by Lemma ESI for V = Q\{q) we get 


II 










I^.ILIA 


<CCm5p{Q\{q)nW)+CCr, 


es 




€|3f/inQ‘M|„ 


(5.43) 


for p = 2,4, where IT, Ui as defined in the previous proof and Xt, At as in fl5.2ip . 
Recall that the factor appearing in the estimate is related to the fact that the 
least length of boundary components of Ui is s. Thus, recalling that Ui fulfills 
05.23P we obtain by the definition of G 

11^9* - -Rllhw) C'C„5,(<3‘(<,) nw) + C(6s-‘) 5-‘G =: i/p. (5.44) 

We repeat the estimate (I5.42p with the Poincare inequality in SBV (see [2], Re¬ 
mark 3.50]) instead of Theorem 13.31 and obtain by fl5.34p and Holder’s inequality 

lift - R ■ -clli.,.5, < CllVft - + C(|Di(ft - .Rid)|(Q))= 

< CA'‘<‘“r>i// + Ck^G, 

for c G for p = 2,4. This together with (I5.42p and an argumentation similar 
to (13.1 op (see also (2.11) in [22], where such an estimate is derived in the geo¬ 
metrically linear setting) yields A^|Ap < P Ck'^G and therefore by 
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dEH 

AVP < CH2 + Cm-^G < CC„^62{Q-{q) nW) + Cm-^G =: H2, 

AVI^ < CH^ + GX-^m-^G^ < GH^ + C'A-^m-^C'^eG (5.45) 

< GG^d^iQ^iq) n W^) + G^G =: H^. 


Observe that < 0(1 + '&)G. By fl5.1ip there is a rotation R G S0{2) such 
that 


R - R(ld + A)f = dist^(.R(Id + A), S0{2)) 

< 0 + 0|.R(Id + A)- R\^ = G\A\^ < GX-^H^, 


(5.46) 


as ej^{R{ld + d)) = 0. Likewise, as |d| < O by ||V|/|loo < O we get |.R — 
R{ld + A)\‘^ < 0|dp < GX~‘^H 2 . Consequently, the Poincare inequality, fl5.42p 
and fl5.45p yield 

ll^i - {R ■ +c)\\l^^Q^ < Ofc^O + OA^Idl^ < Gk‘^G + Gk^mmp=2AHp (5.47) 

for some possibly different c G M^. Moreover, we get 

A^I^R - R\^ < GX^\R - .R(Id + A)\^ + OA^I^ 

< OA^Ii? - ^(Id + AI)|2 + OA^Idl^ < GH 4 . 

and likewise 

X‘^\R- R\‘^ <GH2. (5.49) 


For hxed j = 1,..., 4 we proceed in this way on each Qt = Qj{p), p G 
with QtAUj 7 ^ 0 and for the corresponding Qt = Q^^{p)r\Uj we obtain constants 
Rt,Rt e S'0(2) and q G as given in (I5.47I) - (I5.49I) . Consequently, we hnd 
mappings Rj : Uj —)■ SO{2) and Q : f/j —)■ being constant on each Qt, where 
on each Qt C Qt we choose Rj = Rt and Cj = Ct. By fl5.47l) and the observation 
that every Q‘f^{q) is intersected only by ~ squares Qt we obtain 

\\y - {Rj ■ +Cj)||^2(m < min(l + dp)m~‘^Gmm~‘^{'^ + Sp + e||hF|l*) 

(5.50) 

< CA^ minp=2,4(l + ^9p)m^C^(7 + 6p + e||iy||*) 


where '^2 = 1 and ■^4 = 1 !}. Here we used that ^4 < G 62 - Likewise, applying 
fl5.37p . fl5.45l) . fl5.48p . fl5.49ll as well as the triangle inequality we get 


\\Vy - RjWlpi^jj-^ < Gm ‘^Gm{Sp + m ‘^'dp{-f + + e\\W\\Q) 

<GmGl{6p + Ml + ^^ + 4'^\\*)) 


(5.51) 
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for p = 2,4. We now consider Qi := Qj^{pi), Q2 ■= Qj^iP2) with Qi n (^2 7^ 0 
and Qi,Q 2 n f/j 7 ^ 0. Moreover, let Qi = Q^^ipi) fl f/j be the corresponding 
enlarged sets. It is not hard to see that there is some Q^{p), p € J{Uq), with 
Q^{p) C Qi,Q 2 and therefore by the definition of Uj, in particular fl5.14p . we 
derive |Qi H Q 2 H Uq\ > cmX^. Let Rj^ G S'0(2), Q. G i = 1,2, be the 
constants constructed above. We compute 


X^Rj^ -R 


P < R — R. \\P 

j2\\L°°{Qj^nQ2) - W2lli,p(Q^nQ2n(7Q) 

4 


<Cm ^j\\Lp{QinQ2nUQ) 

and summing over all squares we get by flS.Sip 


(5.52) 




^j 2 \\^LP{Uj) - + <^4 + e||iy||*)) 


(5.53) 


for 1 < ji,j 2 < 4 and p = 2,4. Here we used that each Q^^{p) fl Uj only appears 
in a finite number of addends. Note that (QinQ 2 )I-H^ 2 ^9^I < and 

maxi=i,2 Fi(<3inQ2n(7Q)| — 

\Q^n^^nUQ\ — ■ Consequently, arguing similarly as in fl3.17p we find 


A ||(7?ji • +Cji) {Rj2 ■ +Cj 2 ) || 2 ,oo(Qjp|Q 2 ) 

< C{m 2) m II(.Rp • +CjJ — {Rj^ ■ '^^j2)\\L'^(^Q^r\Q2r^UQ)' 
Replacing fl5.51l) by fl5.50p in the above argument we then get 


(5.54) 


||(Rji • +CjQ - (Rj 2 • +Ci2)llL2(t/j) < Cm ^ \\y ~ {Rj • +c)\\h{UQ) 

— CC'^X^ minp=2,4(l + 'dp)(7 + + e||iy ||*). 

(5.55) 


Similarly as in the proof of Lemma 15.21 (see the construction in 05.61) 1 we can 
define V G with |1/ \ 17| = 0, C {x G 17 fl : distoo(x, OR) > 2smm}, 
||R||* < (1 + C'„m)||17||* and |(W \ R) fl < C„/c||R||*. By 05.131) this implies 
05.38p . We note that in this case for components Lj = dXj with Xj C l/j it 
suffices to consider a corresponding rectangle M(rj) with M(rj) C l/j. For later 
we observe that this construction yields 

VcRj, = 0. (5.56) 

We now see that 05.391) follows directly from 05.50p - 05.55p . 

It remains to show O5.40p and 05.4ip . By 05.45p . 05.481) and 05.52p we hnd 
||Rji - -Ri 2 llioo(QinQ 2 ) - CA“^(1 + ■d)G + CX~^m~^G for sets Qi,Q 2 C Uj as 
considered above. Recalling the dehnition of G we then get 

ll-^ii ~-^j2llL°°(ginQ2) — ^Cm^k<Cs ^{1 +'i})C^e < C{1 +'&)'& 
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Likewise, we derive ■+Cji) —(-Rj 2 ■+^i 2 )llL°°(QinQ 2 ) — C'(l + 'd)'d recalling 

the definition of G and taking (I5.54p . (I5.47p (for p = 4) and the triangle inequality 
into account. Similarly, by (I5.47p for p = 2 and the observation that 62 {Qi{q) H 
W) < Ck'^ as liVylloo < C we find using e < k 

•+c,J-(% ■+c,MUQ,nQ,)<CX-^m-^k\G + H2) 

< GX-^m-\m-^G + Gmk^) < GX-^G^k^ < GG^. 


This finishes the proof of fl5.4np . 

Finally, to see (I5.4ip . we repeat the argument in (15.7p : Let a; G Q fl 1/ C Q 
for Q = Qj{p) , Q = Qj^(p) n Uj as considered above and let .R ■ +c be the 
corresponding rigid motion as given in fl5.47p . Since y is assumed to be harmonic 
in [7° the mean value property of harmonic function for r < STrim and Jensen’s 
inequality yield 


\y{x) — {Rx + c)|^ < 


\BJx) 


' Br{x) 


{y{t) — {Rt + c)) dt 


<G\Br{x)\ ^{1 + 'd)k^G < G{1 +'d)m ^rh ^k^G 
< G{1 + ^)Gmm-^m-Hes-^X^ < G{1 + 


Here we used (15.471) and the fact that Br{x) C 77° D Q for all a; G Q D H. □ 


5.3 Local rigidity for an extended function 

We now state a version of Lemma [5.61 for an extension of the function y. 

Corollary 5.7 Let be given the assumptions of Lemma \5.4\ Lemma \5. (A and let 
U G Vjlfl, G be the sets provided by Lemma \5^ Remark \57R respeetively. 
Moreover, assume thatt) < 1. Then the estimates l\5.39^ fiiil.fiv) hold on for 
functions Rj, cj, j = 1,..., 4. Moreover, we find an extension y G SBV^{U^, M^) 
withy = y on U andVij E SO{2) on \W a.e. such that for every Q = Q^{p), 
p G with Q n we have 

{{) \\Vy-R,\\l,^Q^<GGl{G{N) + 5,{N)), p = 2,4 
{ii) Up - {Rj ■ +Cj)\\l2^Q) < GX^Gl^ mm{ek,G{N)}, (5.57) 

{in) \\y - {Rj ■ +Cj)\\lnQQ) < mm{ek, G{N)}, 

where N = N{Q) = {a: G hF : dist(a;, Q) < Gk} and for shorthand G{N) = 
7(7V) + 5i{N) + eR^{N fl dW). Furthermore, we have 

R}{Jy) < Gu{\\W\\. + Ce -'(7 + J 4 )). (5.58) 
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Proof. Recall the definition of U in fl5.32p and that Uj and coincide up to a 
set of measure zero by Remark [5.51 In Lemma 15^ we have defined sets 
Ul (Z ... (Z Ul (see (I5.25P ) and corresponding extensions yi\ujr\Si- Moreover, in 
fl5.33p have seen that all Tt{Ui) with fl f/} fl S'* 7 ^ 0 satisfy fl5.20p for and 

|rt(t/i)|oo < By Lemma 15^ we get that fl5.39lh iiiLfivi hold. 

The goal is to provide one single extension y : and to confirm fl5.57p . 

Define 


S. := U 


pe/f(o3fe) 


Qf{p) c 


and let Di = (f/j fl Uf) U Urt(c/i)cSi ^t{Ui), where XtiUi) is the component cor¬ 
responding to TtfUi). We now show that Uf C U^=i ^Bis, it suffices to 

prove 


s,nu}c[f Dn, ^ = 

n=l 


(5.59) 


Fix i and assume that fl5.59p has already be established for j > i. As Rj fl f/j C 
^ H{Ui) = fTj U Urt(c/i) by the definition of Uj, we find (Si fl U]) \ 

Di C {Si n U}) n A'i(i7j). To see fl5.59p for i, it now suffices to show 

that each rt(f7j) with Tt{Ui) H Uf D Si 7 ^ 0 satisfies U} fl Xt{Ui) C Un=i-^«- 
Since |ri(f/j)|oo < | for all such components, we derive Xt{Ui) C Sj for some 
j = 1,... ,4. If j < i, by the construction of the sets Ul Z) ... Z Ul we find 
{XtXUj))s such that 


Xt{Ui) = {U,UXt{Ui))u[j^XtXU3)- 


As Xt^Uj) C Sj, this implies Xt{Ui) fl f/} C Dj. The case j = i is clear. If j > i, 
we obtain Xt{Ui) fl f/} C Sj fl C Un=i by fl5.59p . This yields the claim. 

Set 1 / = I /4 on D 4 nf/j, y = tjj on {Dj\Dj^i)r\Uj for j = 3, 2 , 1 . It is not hard 
to see that y is defined on U^ (as \U^ \ f^jl =0) and y = y on U. Moreover, by 
construction there is a set of components {Xt)t consisting of components of {Ui)i 
such that 

4cU,aA',cU).,U,r*A). 

By fl5.21l) we have y{x) = yi^{x) = Rt (Id -|- Af) x + RtCt for x G Xt, where 
Rt G S'0(2), At G D ^ 1 < < 4 appropriately. Note that due 

the the definition of the extensions in fl5.2ip the components Xt are associated 
to the sets (17*)*, not to (f/*)*. By Remark [5.5f iil this yields fl5.58p for y. 

Consider Q = Qj{p) with Q O Uj (/). Let Q = Qf'{p) fl Uj and observe 
IQ n Uj\ ~ A^. Let X C {1,..., 4} such that for each t G X we can select some 

~ -k 

Q^iqf) such that Q C Qf (g*). Note that > 1 is possible. It is not hard to see 
that for all Xt with W fl Q 7 ^ 0 we get it G X. This follows from the construction 
of the sets (D*)* and the fact that Q (fi S^ implies Q fl = 0 as A A;. Following 
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the lines of fl5.44l) . fl5.47l) - fl5.49p and using ^4 < CG we find R'' E S0{2), & E 
such that 


\\y, - {R^ • +c^)||i.(Q) < CeC, WVy. - RX^^q^ < CH, (5.60) 

for L eX. Note that for a special choice of i G X (for l = i with i as considered 
in (I5.42p ff.) we obtain the rigid motion RjX + Cj which we dehned in Lemma 
15.61 Then arguing as in (I5.52p and (I5.54p . in particular employing the triangle 
inequality and using (I5.60p . we derive 


\\{R, • +cj) - {R^ • +R)\\Xq^ < Cm-^k^G, 




(5.61) 


for i eX. Likewise we obtain by fl5.20p 


\[y]\^(m^<GY,l _m?dR^ <GY,kG^^\dU.nQ^M^)\H. (5.62) 

tgx JJvl^Q tgi 


' JyHQ 


Here we used that all Xt with QP\Xt 7 ^ 0 satisfy \dXt\oo < | and thus Xt C Q^{q)- 
Now we obtain 


m-R"^ 


'J\\LP{Q) - 




p 

'J\\LP{Q) 




for p = 2,4. Choosing the constant in the dehnition of N sufficiently large and 
recalling the dehnition of G and Hp (see fl5.45p i we obtain by fl5.60p and fl5.6ip 

IIVS - < cc^hm + S,{N) + e\BW n /V|«). 

Similarly, recalling A = mk we derive 

IIS - (R, ■ +Cj)||i=,Q, < C\'‘Ci miti{(7(]V) + h(N) + t\dW n Af|„), ek}. 

Consequently, fl5.57p fiLfiii hold for y. 

For later purposes, it is convenient to have an extension satisfying Vp(x) G 
SO{2) for a.e. x E \ W. Arguing as in fl5.46p for all components Xt we hnd 
Rt E SO{2) such that \Rt — {Rt + RtAt)\‘^ < Therefore, by Poincare’s 

inequality we hnd for some possibly diherent q G 


\\Rt •+Cf — (7?t (Id + Aj) ■ +RtCt)\\‘L^(Xt) l^tll^l 

for all Xt and likewise passing to the trace we get 


(5.63) 


\Rt •+Cf — (7?t (Id + Ai) ■ +RtCt)\\‘L2(^gxt) ^ |dXs|^|At|^. 
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In particular, note the the constants above do not depend on the shape of Xt as 
the involved functions are affine. We set y : —)■ by y{x) = RtX + Ct for 

X E Xt and y = y else. First, we see that fl5.58p holds since V}{Jy) = V}{Jy). 
The definition together with (I5.62p yields 


f f _\[yfdH^ + Cj2^^J9X,\l\ax,\n\A,\ 

JjynQ JjynQ XtDQttV) 


< [ _\[y]\‘^ du^ + Ck^ 

JJyDQ 

<CCmky" e\dU,nQ’:iq, 


_ \dXt\i,\At\ 


In the second step we used \dXt\n < Ck which follows from fl5.23p and fIS.lbp . 
In the last step we used Lemma 13.81 similarly as in the derivation of fl5.43p and 
employed s > e. Using once more that \Jy A Qly, < E:.i \du,nQ';M\H < Ck, 
Holder’s inequality and fl5.23p yield 

( [ <\JynQ\n- [ _mfdn^ 

^ JjyDQ ' J JyHQ 

<CCmk^yy e\dlJ,nQ':{q,)W 

< CC‘i\^miYi{{-i{N)+5A{N) + e\dWnN\H),ek]. 


Recalling \Rt — {Rt + RtAt)\‘^ < C\At\^^ \At\ < C and again using fl5.43l) . fl5.23p 
we obtain 


iivs - < c 5^ \dXt\UM‘' < CCMN) + 5,{N) + e\dW n N\n) 

XtnQ^d) 

for p = 2,4, and analogously by fl5.63p we get 

IIS-»llLo)<C E \3XtOAt\‘<CCl\\y(N) + 5^{N) + 6\dWnN\n), 

Vtng/0 

where we employed \dXt\oo < Ck = C\m~^. Likewise we derive |||/ — p||| 2 (q) < 
CC^X^ek. Together with the estimates for y this shows fl5.57p fiLfiiL It remains 
to prove fl5.57p fiiiL By fl5.57p fil for p = 4. 05.111) and the fact that Xv(x) E SO{2) 
for a.e. x e f/^\lU wefind \\en^{VmhiQ) < CCl{^{N) + 6,iN)+e\NndW\H). 
This together with fl5.64p . |Q| < CX^ and Holder’s inequality yields 

{\E{Rjy - id)|(g))2 < CClX\-f{N) + 5,{N) + e\dW A N^). 

Then Theorem 13.41 and a rescaling argument show 

\\y - (Ry • +cMlHdQ) < CX-^y - {Ry • +g)||ii(Q) + C{\E{RJy - id)|(g))2 

< CX^^Cli-fiN) + 6^{N) + e|dlU n N\n). 

In the last step we have used Holder’s inequality and fl5.57p fii). Similarly as 
before we also derive \\y — {Rj ■ +g)|lii(gQ) < CC'^X^ek. □ 
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6 Modification of the deformation 

The goal of the section is to replace the deformation by an TT^-function on Uj. In 
particular, we modify the deformation in such a way that the least crack length 
is increased. Recall u = sd = Am. 

Lemma 6.1 Let k > s,e > 0 such that I := ^ = dm~‘^ for m~^,d G N with 
m~^,d ^ 1. Then there is a constant C > Q such that for all W G 
W C and for all y G H^{W) with HVyHoo < C, j as defined in (15.2p and 
62,64 as given in fl5.37p we have the following: 

There are sets U G and G Vf 2 k U,U^ C 12®^, \U \W\ = 0, 

\U^ \ H^iU)\ = 0, |(1R \ 17) n + \u\ u^\ < Cuk\\U\U and 

||t/||* < (1 + Cum)\\W\U + Ce-\^ + 64 ) (6.1) 

as well as a function y G H^{U^) such that 

(i) II dist(Vji, SO{ 2 ))\\l 2 ^^ui^) < ^+ e||lR|l*), 

{ii) II dist(Vy,RO(2))||^oe(^^f) <(779(1 + 79), 2) 

(m) IIVt/ - Vylli.(^) < CC(7 + <92 + 6||1+||.), 

{iv) \\y — y\\\ 2 (jj-) < (7(7^(1 + 79 )A ^(7 + ^4 + e||l+||*), 

where ft = min{79(l +79), C^} and '62 = 1, 794 = 79. Under the additional assump¬ 
tion that Ay = 0 in W° we get 

II Vt/ - V^||t4(^) < CCI 64 + CCl^{l + 79)2(7 + <^4 + 6||f+||.). (6.3) 

Proof. Apply Lemma [+ 6 ] to obtain sets V G , Uj G satisfying (15.381) 
and (I5.39P for mappings Rj : Uj —>■ SO{2) and Cj : Uj —>■ j = 

We hrst define U = V and see that the estimate in (16.ip . Moreover, we recall 
that 12®^ \U is the union of rectangular components (see (I5.56p i. For the compo¬ 
nents ri(i7'^(l/)), ..., r„(i7^(17)) we let N{Tj) G denote the smallest rectangle 
with NfTj) D Xj, where as before Xj denotes the component corresponding to 
T,iH\V)). 

As j = m, we find | 7 rjc 9 A^(rj)| < \ 7 riT j{H^(y)) \ + CuTn\T j{H^(y))\oo for i = 
1, 2. Arguing similarly as in the construction of (15. 6 p we have that A^(rjj)\A^(rj 2 ) 
is connected for 1 < ji,j 2 < n. We apply Lemma l4.2l ii to obtain pairwise 
disjoint, connected sets {X'-)f^.^ such that Uj^=i-V(ri) = Uj=i ^^^1 define 

It is not hard to see that G Vf 2 k- Moreover, we hnd C H^{U) up to a set 
of negligible measure and recalling (I5.56P we obtain {U^)° C Uj. For later we 
also observe that 

1117^11* < {l + Cum)\\H\U)\U. (6.4) 
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This also implies \U \ U^\ < Cu/i;||17||*. 

Let Tj = [Jp^jX(^Q 3 k)Qj (p) and define a partition of unity with pj G 

C°°{Uj, [0,1]), supp{pj) C Tj and \\Vpj\\oo < j- Define y : Uj hj 

E 4 _ _ 

. ,Vjix){RjX + Cj) 

and observe that y G H^{Uj) as the functions Rj, Cj are constant on each Qj{p), 
p G I^iUj). The derivative reads as 

Vy{x) = ^ {Vj{^)Rj + {Rj ^ + Cj) 0 Vpj{x)). (6.5) 

Since = 0 we find 

Vy{x) = Ri + (pj{x){Rj - Ri) + {Rj x + Cj - {Ri x + ci)) ® Vpj{x)). 

^ — ^j=2 

First, we compute by fl5.40l) 

4 . 

I|V» - Ritmv,) <cY. (llfl) - + jjWR, ■ - (fli ■ 

i=2 

4 ^ 

< C'X] “ RlWhiUj) + ■ +Cj - {Ri ■ +Ci)||^2([/^)j, 

i=2 

where d = min{'d(l +'d), C^}. By fl5.1ip we find efi^{Rj) < C\Rj — Ri\‘^ and thus 

4 . 

l|ei?i(Vy)||^2(^j) <C''^{\\eti^{Rj)\\\2^jjj) + ^\\Rj ■-\rCj - {Ri •+ci)|||2(^^)j 

i=2 

4 ^ 

< {\\Rj - RiWl'^iUj) + “ (-^1 ■ . 

i=2 

Again using fl5.1ip and fl5.39p fiiii.fivi we derive 

II dist(Vy, FO(2))||i2(^,) < C(1 + + <54 + 6||PF||.). 

Similarly, we get 

4 ^ 

II - Rl\\L2(^^J^ < cy2 “ (-^1 ■ +D)lli2(f;j)j 

i=2 

and thus we find by fl5.39p (iii).(iv) 

II dist(Vy, FO(2))||i2(^,) < CClip + <52 + 6||LF||.), 
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where we used that ^4 < 052 - This gives fl6.2p fii as {U^)° C Uj. Likewise, we 
may replace the L^,L^-norms in the above estimates by the L°°-norm. Conse¬ 
quently, by (15.401) we obtain \\Vy-Ri\\\^^jjj^ < Cd{l+j)) and \\eR^{'^y)\\\oo^Uj) < 
Cd which then implies || dist(V^, < C''d(l-l-'d). It remains to show 

(I6.2p (iii).(iv) and (16.31) . By (15.391) (i) and the fact that U = V we obtain 

11^ ~ y\\L'^(U) — '^ 2 j=i ~ + <54 e||IT||*). 

By fl6.5p and the fact that Yl']=i = 1) Sj=i = 0 we derive 

Vy{x) - Vy{x) = - Rj) + iyiR) - {RjX + Cj)) ( 8 ) Vyj(x)). 

Therefore, by (I5.39p (i)(ii) for p = 2 we get 

llVi/ - V9||i,,„, < (lIVs - + 4||!/ - (fl, . +c,)||i,,„,) 

<CCi(7 + ^2 + £||»'||.), 

where we used that S 4 < 0 ^ 2 - Finally, in the case that Ay = 0 in W° we obtain 
by (15.391) (i)(ii) for p = 4 and fl5.4ip 

llVi/ - V9||l,,„, < (lIVs - - (fl. . +c,)||i.,„,) 

< CO 4 + CO(l + <»)"(7 + .54 + t||tv||.). 


□ 


7 SBD-rigidity up to small sets 

In this section we prove a slightly weaker version of the rigidity estimate given in 
Theorem 12.11 and postpone the proof of the general version to the next section. 
Recall dehnition (12.ip . 

Theorem 7.1 Let 12 C open, bounded with Lipschitz boundary. Let M > 0 
and 0 < ri,p,h^, 1. Let q E N sujficiently large. Then there are constants 
Cl = Cl(12, M, Tj), C 2 = C2(12, M, 7], p, h*, q) and a universal constant c > 0 such 
that the following holds for £ > 0 small enough: 

For each y G SEVuiFL) with 'H^(Jy) < M and dist^(Vp, 5*0(2)) < Me, there 
is a set fly G s > 0, with fly C 12, |12 \ 12y| < Cip, a modification 

y G H^{fly)nSBVcM{fly) with \\y-y\\\ 2 ^^^) + \\Vy-Vy\\l 2 ^^^) < Ciep, a partition 
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(Pj)i of fly and for each Pi a corresponding rigid motion RiX + Ci, Ri G S0{2) 
and Ci G such that the function m : —)■ defined by 


u{x) 


y{x) -{RiX + Ci) 
0 


for X ^ Pi 
else 


(7.1) 


satisfies 


(i) \\fly\\^: < {1 + Clh^:)R^{jy) + ClP, (U) | | ^ | | ^2 ) < C'2£, 

(m) < CaE, (iti) ||V!i||y,„_,) < C 2 E'"’'. 


(7.2) 


We divide the proof into three steps. We begin with a version where the least 
crack length is almost of macroscopic size. Afterwards, we assume that the jump 
set consists only of a hnite number of cracks of arbitrary size. Finally, we treat 
the general case applying a suitable approximation argument. 

In what follows, constants indicated by Ci only depend on M, rj, Generic 
constants C may additionally depend on h*. All constants do not depend on p 
and q unless stated otherwise. As we will eventually let h* ~ p in Section [HI it is 
essential that the constant in fl7.2lh ij does not depend on h*. 


7.1 Step 1: Deformations with least crack length 

We hrst treat the case that the least crack length is almost of macroscopic size. 

Theorem 7.2 Theorem \ 1. 1\ holds under the additional assumption that there is 
an fly C fly G for some s > p‘^~^es such that y G H^{fly), ||Gy||* < 

(1 + Cih^)R^{Jy) + Cip and |G \ fly\ < Cip for a constant Ci = Gi(G, M, p). 

Proof. Let y G H^{fly) be given. Let p and dehne Q = p'^ for some q E N, 
q > 2 large enough to be specihed in the proof of Theorem 12.11 (see Section [8]). 
Assume without restriction p~^ G N large. We apply Theorem 13.111 and consider 
the harmonic part w of y satisfying 

l|V|/-<q|dist(Vp,FO(2))||2,^^^) <G., 

I|V2/-<G||dist(Vp,50(2))r,,(^^) <Ge. 

In the last inequality we used ||V|/|loo < M. Let k = gp~^ = Apply Lemma 
l5.2l on for the function w and e = cp~^e, m = p, where c > 0 is sufficiently 

large. (Possibly passing to a smaller s we can assume that kei < s k = p^“h) 
We hnd a set IF C IF G such that 

||IF||* < (1 + Gip)||Gjy||* + Ce < (1 + Gip)||Gjy||* + p (7.4) 
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by fl5.3p and |(fiy \ < Cik < Cip. (Here and in the following we choose 

the constant c = c(h*) always larger then the constant C.) Moreover, there are 
mappings Ri : W° SO{2), i = 1,..., 4, which are constant on the connected 
components of Q’lip) fl W°, p G /f (hi), such that by (15 ^^ (i) for i = 1,..., 4 

IIVi/ - <Ce + C\\Vw - < Cl^e < Ce^-\ (7.5) 

where I = ks~^ < Ce~s. Moreover, as "d = l^C^s~^e < C{p)s~^^e < C{p)e^~^^ < 
1 for p,e small enough (recall fl5.ip l we also get 

II V|/ - 4||t4(H.) < + C*!! Vw; - 4||i4(H.) < C'e (7.6) 

by fl5.4p fiih Now we apply Corollary 15.71 on W C for k = A = 3g, 
m = 3p and e = cp~^e. We obtain a set Sty G with Sty C hl®^, |hlj/ \Sy \ = 0 
such that by (15.131) . (17.41) and (17.6p we find 

||hl 2 ;||* ^ (1 + h7ip)||hh||* + Ce ^ (1 + C\hSjR^^Jy') + Cip (7.7) 

and I (fly \ fly) n fl^^l < Cik. This together with the assumption |fl \ fly| < Cip 
and the fact that |fl \ fl^^| < C{S)k yields |fl \ fly| < Cip. Moreover, there is a 
set Sy G with H^{Sy) C fl^ and mappings Rj : fl^ —?■ SO{2), Cj : fl^ —)■ 
being constant on Q^/{p), p G /|^(fl^^), and an extension y G SBVM{Sy 
such that by (15.571) (hi we derive 

IIS - {R, ■ +e,)|li.|n,, < Cii‘p-'‘Cj{E + £||ir||.) < Cp^-^cp (7.8) 

where Cp = Ci^ is the constant defined in (15.Ij) . Here we used that each a; G hh is 
contained in at most ~ p~^ different neighborhoods N{Q) considered in Corollary 
15.71 Moreover, the constant c was absorbed in C. Similarly, recalling ?! < 1 we 
get by (|5.39p (iii)div). (|5.57p (i) and d73p . (ITTP 

IIW + II“ ^j2\\l2{QH) < Cp 

II — Rj\\L4(^QH^ + ||.Rji — Rj2\\L‘^(QH) — (7.9) 

\\{Rjl ■ +Cyi) - {Rj2 ■ +Cy2)||i2(f7ff) < ^CpE, 
for j = 1,..., 4 and 1 < ji,j 2 < 4. 

Denote the connected components of (fl^)° G by and dehne Pi = 

PI^ n fly. Let Ji C /^(fl) be the index set such that Q^{p) C P^^ for all p G J*. 
We now estimate the variation of the rigid motions defined on these squares. Let 
Qi = Q^{pi), Q 2 = Q^{P 2 ) for PI,P 2 G Ji such that Qi fl Q 2 7 ^ 0- Let Rt = RA\Qt 
and Ct = C 4 |qj for 1 = 1,2. Then we find some j = 1,... ,4 such that Rj is 
constant on Qi U Q 2 and thus q^\Ri — R 2 \^ < CX)f=i 2 ll-^i ~ -^illLP(QiuQ 2 ) 
p = 2,4. Using the arguments in (13.161) and (I3.17P we get 

Q^\Ri - -R 2 |^ + ||(7?1 - R 2 ) ■ +Cl - C2||i2(QjuQ2) 
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Consequently, considering chains as in fl3.14p and fl3.18p . respectively, following 
the arguments in the proof of Lemma 13.141 and fl3.18l) and recalling Remark 
I3.15l ii). we obtain Ri G S'0(2), q G such that 


\\y - (Ri ■ +Ci)||^ 2 (p«) < C\\y - (i ?4 ■ +C4)||p2(p«) 

+ Cg~^ j2<4 II ■ +C2)llL2(pff), 

+ Cg ^ \\Rji - Rj 2 \\Lp(pfy P = 2,4. 

In the hrst estimate we used Holder’s inequality (cf. (13.181) ). Summing over all 
connected components, fl7.8D and fl7.9p implies 

J2.\\y-{Ri ■+Ci)lli 2 (p«) <C{p,q)e, 

* (7.11) 

for C{p,q) large enough. Dehning u as in fl7.ip (for y = y) and taking also 
fl7.7p into account, we immediately get fl7.2lh i)(ii).(ivL Finally, fl7.2p (iiil is a 
consequence of the linearization formula fl5.12p and fl7.11l) . □ 


7.2 Step 2: Deformations with a finite number of cracks 

We now prove a version where the crack set consists of a hnite number of compo¬ 
nents. We hrst assume that each crack is at least of atomistic size. The strategy 
will be to establish an estimate of the form 07.51) and 07.6p by iterative modihca- 
tion of y according to Lemma 16.11 

First, we introduce some notation and derive preliminary estimates. Let p > 
0, set g = p^ and assume without restriction p~^ G N large. As before we assume 
II dist(V 2 /, S'0(2))|||2(q) < Ce. Choose G N such that t < p and set tj = 

By Remark iT^ i) we can assume that T := for 2 ; G N sufficiently 

large (recall 05.11) for the dehnition of Ct). Moreover, set Tj = Let C 

for some s > 0 be given. Let 


Bj = (l|S2,ll. + c.p) ■ ■ nc„‘(i + C,f+') (7.12) 

and B = limj^oo-Bj for a constant C* = C^{M,p,Q) > 1 to be specihed below. 
Furthermore, let P = c^(l -|- p~^B) for c = c{hR) sufficiently large. Set Sq = ke 
for K sufficiently large, let eo = c^p~^e and subsequently dehne e^+i = PT~^ej. 
We set r = A, a; = ^ for notational convenience and for j > 0 we dehne 


dj 


min 



r 




— OJ 



(7.13) 
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(7.14) 


where Sj = In accordance with Sections [5l [6] we also define 


I - = dt~‘^ 

ij Uj , 


Xj — Sjdjtj , 


kj Sj Ij. 


As noted before, dj describes the increase of the minimal distance of different 
cracks and will be the factor of energy increase. Below we will show that 

indeed dj 1 for all 0<J< J*, where 

J* = riogi+,(logre‘^)) + X], 

One of the main reasons why the iterative application of Lemma iQ] works is the 

-1 




fact that dj increases much faster than PT- . We define the quotient g,- := _ 

FT^ 

and observe go = for e sufficiently small. Recalling fl7.12p 

and the definition sq = ks, eo = c^p~^e we can first choose T = T{p, h^) so small 
and then k = k(T, p, h*, z) so large that 


qoFP > P-^ > P-^ > c^P"^ > 1 


(7.15) 


for 2 ; G N to be specified below. For the third inequality we used the fact that 
F < O for some C = 0(0*, p, h*, M) independent of T. We find 


q. = T-P'"{qoPP'"Y^+^y 


(7.16) 


for j < j, where J G Id is the largest index such that ^ < e 2 for all j < J. 

^3 

Indeed, we first note that the formula is trivial for j = 0. Assume (I7.16p holds 
for g < J — 1, then we compute 


Qj+i 


_ ^i+i / ^j+i \ ^ _ Pj+i f 
P Ve^+i/ ~ P \ 


Sj dj 




Wi+i 

F 


(fjdjTjP 

P 


= Tq 


l+r 


which gives (I7.16h for j + 1, as desired. In particular, taking (I7.15p into account, 
(I7.16P implies qj > 1 and thus dj = qjPP~^ S> 1 for all j < J. For J < j < J* we 
get dj = . In fact, using fl7.15p and eo < cH~^e we observe for O sufficiently 

large 


= eoIliZoiPT-^) < c-2eonCo'(T-(*+i)T-^) < 


(7.17) 


for £ —)■ 0 for all 1 < J < J*. Consequently, if — >e 2 , then dj = e~ 


PP-^ = o{e- 


(see (I7.17P ) and thus = 


PPFP - ^ 


This then implies 


dj = e for all J < j < J*. 


We introduce idj = s • ^CjPCf^ (recall definition fl5.ip and Ij = djt - ^) and close 


the preparations by showing that 

eo 


p. < 


C Cj+i 


-Pj for 0<j<J*. 


(7.18) 
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This particularly implies 'dj < 1 for all j as ej > eg for all j. By fl7.13p - fl7.16p we 
obtain 


Sj > eje- 


or 


= 


l/r 


> e,q. 


l/r 


3^3 


> 90+1)2 


(7.19) 


for all 0 < j < J*. The last step holds for 2 ; G N sufficiently large as lim^^oo ^(1 + 
r)-^(9(j -|- 1)^)“^ = cxo. Similarly as in fl7.17p we see that = o{e~^) for 

j < J* as e ^ 0. Since = o{e~^), we find Sj > for all 0 < j < J*. 

Therefore, we derive by fl7.13p . fl7.15p . the first line of fl7.17p and r = 


= 5 ■ 




9+-18^2 


PTr^e, < 


e]c-^Tr^ < 


-3 


< 


c ^eoTj 


for all 0 < j < J*, as desired. In the second step we used C^ij < T)- ^ and 
p < T~^. Recall the definition of k and ko above (see fl7.14p and fl7.15p ). 


Theorem 7.3 Theorem 7.1 holds under the additional assumption that there is 
an fly C n®, fly G for some s > ks, such that y G H^{fly), ||fiy||* < 
(1 -|- Cih3)'h}{Jy) + Cip and 111 \ < Cip for a constant Ci = Ci(r2, M, p). 


Proof. Let y G H^{fly) be given. If s > £8 we can apply Theorem 17.21 so it 
suffices to consider s < es. Recall sq = Ke for some k = k{T, p,h^,z) ^ 1 and 
assume s > sq. The strategy is to apply Lemma EH] iteratively. Set ITo = hL-?L = 
ITq^ = fly E and y^ = y. Recall eo = &p~^e and define 


70 := ||dist(Vi/o,50(2))||2,^^^^ 


< oo := ||dist(Vi/o,^0(2))||^,(^^) 



In the last inequality we used || Vi/||oo < TL. Recall fl7.14p . Set Sj = Sjt"^ for j > 0 
and s_i = s, where ij = C 2 {tj, fo) (see flS.ip L Assume IT,- G G V/’. are 

given with Wj, W/^ C fl^^^-^, \Wj \ W/ff\ = 0 and \ bL,| < Ci where 

we set fc_i = s. Recall that \Wj\Wj^\ < Cikj-i and |lTj^\iLA-i(pi/^.)| = 0 , where 
A_i = 0. Set (3j = ||PA-i(pp^.)||^ and fdf = \\Wj\U - ||i7A-i(ty^.)||^. Moreover, 
suppose there is a function yj G with 

7i := II dist(V|/j, ^0(2)) aj := || dist(V2/j, ^0(2))||^4(ty«) 


such that for j > 1 


(i) fdj + < {f + C'ifj_i)/3j_i -|- < Bj, 

(ii) 7j < CT^“\fj_i(7j_i + < c~^tj_ipej, 

(Hi) aj < Cidj-iPj < CeTj_i, 

{iv) II dist(V 2 /j, SO{2))\\1^^^h-^ < C^j-i, 

{v) \\Vyj - Vyj-iWl^^wp < CeTj_i, 

{vi) \\\/yj - V%_i||i 2 (wp < < Clj_iej. 


57 



























Setting '(9_i = 1 and t_i = 1, we note that, provided c is sufficiently large, in 
the case j = 0 (iii),(iv) are clearly satisfied for yo = y and (i),(ii) hold neglecting 
the second terms. We now construct yj+i, hhj+i G '^k^+i with hhj+i C , 
|W,+i \ Wf\ = 0 and iCly \ < C, ELo as well as G 

First we apply Theorem 13. 1 II and let Wj G be the harmonic part of 

yj such that similarly as in fl7.3p 




and so in particular || dist(VtCj, S'0(2))||^2(v(/ff) < C'hj- Recall G Wj C 
and note C Then apply Lemma [521 with s = Sj, k = kj = Sjlj, 

m = tj = e = Sj, U = n y = Wj and obtain a set G ) 

such that 


<54:= 




for mappings Ri : {Wj^)° —)■ SO{2), i = 1,...,4, which are constant on the 
connected components of Q^{p) H {W^)°, p G We now use Lemma l6T] 

with m = tj, s = Sj, e = ej, d = dj, W = W^, y = Wj and show fl7.20p for j + 1. 
First, we obtain hF^+i G Vj[kj ^i+i |hFj+i \ W^\ = 0, 

\{w« \ iv,+i) nf!«*4 < Ck,\\w,WR^A e vS; c vjy with \w"^, \ 
H>-i{Wj+i)\ = 0 and |Mt +i \ < Ci%. Recall ||W/'||, < (1 + by 

(16.4p . Thus, we have 

||lRi+i||* < (1 + + Cej ^(7j + 'dj7j) < (1 + Citj)j3j + Cej 

(7.22) 


by (15.3p . (16.11) and the fact that 'dj < 1 (see (I7.18p ). Moreover, we get a function 
yj+i G with (see (|6.2|) . 06.3|) ) 

{i) II dist(V%+i, SOm\Uwf^p < CCli^j + e,f3,), 

(ii) II Vwj - Vy^+iII< CCf. (7j + l^-fj + ejPj), 

(m) II Vwj - V2/j+i||i4(vy.^7 < CC^idji-fj + ejPj), 

(iv) II dist(V 2 /j+i, 50(2))||E(m«i) ^ 

where we again used that 'dj < 1. The first inequality in O7.20p (ii) follows directly 
noting that T^^tj > C^. and for the second inequality we use (I7.20j) (i).(ii) for 
iteration step j as well as (I7.12p to see 


CT-\j, + ejfdj) < CT-^pe,{l + p-^B,) < pc-^PR-h, = pe,^^, (7.24) 



























where we choose c sufficiently large. Likewise, fl7.20p fil follows by fl7.22p . the fact 
that ||hLj+i|l* = /3j+i + /3/+1 and 

(^j+i + /^j+i ^ (1 + Citj)Bj + ptj-i 

< + C^p) • . 7rio(l + + Pt^ 

< (||ff,|l, + C.p) ■ • 7rio(l + = 5,+i. 

Here we have again chosen c and C* large enough (with respect to C and Ci, 
respectively). This also implies \{Wj \ Wj+i) fl | < Ckj by fl7.20lh il and thus 

I(Z \ I < c' eLo \ I < c* Eio 

Estimate (l7.2Up fivl follows from fl7.23p fivL The first inequality in fl7.2Up fiiil 
is a consequence of fl7.20p fivL the second inequality is implied by the fact that 
£ = c“^peo, fl7.20p fiii and fl7.18p . Moreover, fl7.20p fvl follows from fl7.20p fiii). 
fl7.2ip . fl7.23p fiiil and the fact that ^ 117-ISp 

and (I7.24p . Similarly, (I7.20p (vi) follows from (I7.23p (ii). (I7.2ip and (I7.24p . 

We now choose j* E N such that 

£3-^ > Sj* > ej, < Ce^-‘^Tf, (7.25) 

holds for £ sufficiently small. The first inequality is possible by (I7.13p and we 
obtain j* < J* = |'log;^^^(log 2 .e‘^)) + ^]. Indeed, by fl7.19p and the fact that 
7 > 1 we get Sj > e~^€j = s~^ej for j > [logi_,_^(log'r£‘^))] and therefore J < 
[log^_,_^(log 2 .e^))]. The second inequality can be derived arguing as in (I7.17p . 
Similarly, proceeding as in (I7.17p we have = o{e~^) for e —)■ 0 and thus 
kj* = Sj»dj*tJ^ = o{e‘^). This implies D 12^ for £ small enough. We let 

= y .., wf = wlinQ^, w, = (y iw n 

It is not hard to see that \ W^\ < Ci J2i=o Sj = Sj^ is increasing 

in i (note that dj > ij'^ for all j, see e.g. fl7.19p L we find IT* G 

The strategy is now to establish an estimate of the form fl7.5p and fl7.6p . 
Observe that Sj* > e», i.e. for the function ?/* G H^{W^) we may proceed as in 
Theorem 17.21 (replacing s by Sj*). Similarly as in fl7.3p . we apply Theorem 13.111 
and let tc* be the harmonic part of ?/* with 

II Vw* - V|/*|1^2(vi/ff) < II Vw* - V|/*||^4(vKff) < CeT^*. (7.26) 

by fl7.20p . fl7.25p and cu < ^. Apply Lemmaon C for the function tc* 
and k = p’^~^ = Qp~^, s = e = cp~^e^~^, m = p. (Without restriction we can 
assume s~^ G N.) We find a set IT^ C G such that 

IIIT^II* < (1 + C'ip)||lTf II* + < ||wf II* + C,p (7.27) 
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by dESD as well as \W^ \ W^\^< \{W^ \ W^) n + Cik < Cik < Cip. 
Moreover, there are mappings Ri : {W^)° —?■ S'0(2), i = which are 

constant on the connected components of Qi{p) H p G such that 

by fl5.4p (i) and (17.261) 

II V|/* - < C-ll Vu;, - + CeT^’ < +Ce< Ce, 

where similarly as before equation fl7.6p we compute (recall fl7.25p and cu = ^) 
■d < C(p,g)s“^°e < C{p^q)e~^^^e^~‘^ = C{p,q)e^~^'^ < for e,p small enough. 
Likewise, we derive 

W^y* - < C-ll Vu;, - A|li2(^«) + < ^(1 + < Ce^-^ 

as / = ^ < Ce-^^ < e-i. 

s — — 

We now will construct a set Vh g V^ 43 ^ which is contained in fl fl 
Q3k g yso^ where the two sets coincide up to a set of measure smaller than Cip. 
(Similarly as before the difference of the sets is related to the dehnition of the 
boundary components.) Before we give the exact dehnition of W and establish 
an estimate of the form fl7.4p . we hrst observe \ B7| < Cip arguing as before 
and derive estimates similar to (17.51) and fl7.6p . 

We iteratively apply (I7.20p (v) and derive for i = 1,..., 4 

l|V!/ - < C'(5^((jCr._i)i)'‘ + c\\\/y, - < Ce. (7,28) 

Likewise, observe that by fl7.13p . fl7.14p and fl7.25p we have < Ijej = 

We derive by ([7201) (vi) 

l|V!/ - ,R.|li2,„,, < C£‘-’'(5^)Wt)" + ClIVs, - < Ce'-" 

for i = 1,. . ., 4. 

It remains to give the exact dehnition of W G and to establish ||hL||* < 
(1 + Ch^)R^{Jy) + Cp. Recall Wq = and dehne Wj*+i := for notational 
convenience. We now dehne W inductively. 

Let Yo = Fq' = Y” = Wo. Assume Yj G and F/ G Vf“, F/ G are given 

with |f; \ f,| + |f;af/| = o, |f,- \ f;i < and 

max{||i;'|U||F/||4 < ||F,.||, < ||W;||, + , 

where Y" has the property that all components not intersecting dHY-i{yYj) 
coincide with components of Y- and the set of components 

of is a subset of the components of Y". Moreover, suppose that 

\y; \ riLo ^1 = o and i nio \ >71 < eU 
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We now pass to step j + 1. Let Xi{Wj+i ),..., Xn^^^{Wj+i) be the components 
of Wj+i and define 

n+i = (y/ \ UZr LI UHr M<(w')+i) e V"- 

First observe that F^+i satishes |F^+i \ fli^o hFi| = 0 and | fli^o \ — 

ki. As \ Wj+i\W^\ = 0, we obtain Xt{Wj+i) D and then 

by the fact that | Wf \i/A-i (Wj) \ = 0 we get [JZV D Ut XtiH^^-^Wj)). 

As by hypothesis the components of H^^-^{Wj) are also components of F^", we 
derive recalling = ||lFj||* — \\H^^-^{Wj)Z and /3q = 0 

liy^+.ll. < lip'll, + ||vp+i||. - \\H>-‘->(,w,)\\. = ||ip+i||, + , A- 

Observe that possibly Y^+i ^ However, by Lemma I4.2f iii we hnd a set 

F^'+i G with |F^+i \L^>il < C\kj and < ||F^_|_i||*. Here we essentially 

used the rectangular shape of the boundary components given by fl5.56p and 
fl5.6p . respectively. Then it is elementary to see that Yj+i G C 

and \ ^ YZi=o^i- Moreover, if j + 1 < j*, we let Y^i = 

(F^'+i n H^Z^j+i)) U dH^Z^j+i) and observe that Y^i has the desired proper¬ 
ties. In fact, < ||y,_|_i||* follows as before. Components not intersecting 

dH^Z^j+i) are clearly components of Y^i- Finally, by dehnition components 
of are also components of Y'Z- 

We hnally dehne W = H G By fl7.12p and fl7.20p fi).fiii we 

have 

/3i Y I3i_i — 13i -\- Cif f3i-i + CeZili-i Y Z-i ~ A + Cif B Y pf ^ 

for i = 1,... ,j*. Recalling /3o = ||Hy|l*, ||HdAll* A Z + Citj*)/3j* and using fl7.12p . 
fl7.27p as well as t < p we conclude 

iiiL^ii* < II A'‘+iii* < - A + 

'J •^—^2=1 

< ||bF^||* — (3j* + A T CipB Y Cip < Cip Y ||^j/||* + CipB Y Cip 
A (1 + L*ip)||^y||* + Cip < (1 -l- CihZ'H^{Jy) Y Cip, 

as derided. 

We now proceed as in the proof of Theorem 17.21 after equation fl7.6l) with the 
only difference that we take Sq instead of s ~ in the application of Corollary 
15.71 However, this does not change the analysis. This leads to a set Vly G 
with ily C and |H \ < Cip for k = p‘^~^,m = 3p for which fl7.2p can be 

established. □ 

We now additionally treat the subatomistic regime by dropping the assump¬ 
tion S > KE. 
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Theorem 7.4 Theorem \7.1\ holds under the additional assumption that there is 
an Cly C Tly G for some 0 < s <C e such that y G H^{fly), ||fiy|l* < 
(1 + Cihf)V}{Jy) + Cip and \ < Cip for a constant Ci = M,p). 

Proof. Let again p~^ G N, sq = ne and recall || dist(V|/, S'0(2))||^2 (q) < Ce. As 
K 3> 1 was chosen in dependence of T and T = T{p,h^) (see fl7.15p i. we can 
snppose K = K{p,h^). Applying Lemma 15731 for s, k = p~'^Ke, m = p and e = 
p~‘^K£, U = n there is a set hh C with W G V^, \ W\ < Cik < Cip 

for £ small enough and 

||hL||* ^ 11^2/11* + C'f ^ ll^yll* + P- 

The last inequality holds by choosing k larger than C. Moreover, there are 
mappings Ri : —)■ 50(2), i = 1,... ,4, which are constant on Qi{q) fl W, 

q G such that 

II V|/ - Ri\\\2(y^) < Oe + Oep"V||ffj^||* < Cp~‘^Ke. 

Clearly, we also get ||V?/ — /2j||^4('^) < Cp~‘^Ke as ||V|/|loo < M. Then we apply 

Lemma [nH] for k = p“^so, u = sq, m = p and e = cp~^Ke to get sets U G 
and G with U, C (2^^ |0 \ 1T| = 0, \U^ \H^{U)\=0 and 

||0||* < (1 + Oip)||lT||* + Ce ^p < ll^yll* + Cip 

as well as |1T \ f/| < Cik < Cip for £ small enough. Moreover, we hnd a function 
y G H^{U^) such that by (16.21) 

(^) ||dist(Vy,50(2))||i2(t;«) < CC^yip-\E + p-^ne\\W\U) < CCy^KE, 

in) ||dist(V 9 .SO( 2 ))|l|„n„, < CC», 

Im) llVt/ - < CCIp-\e, IIVi, - Vglll.,,,,, < CCy^EE, 

where the second part of (iii) follows from (ii). Note that this also implies 
II dist(V^, 50(2))||^4(^^^ < CC^p~^ke. Setting ITi = O, Wf^ = , Vi = y 

we can now follow the proof of Theorem 17.31 beginning with fl7.20p with the es¬ 
sential difference that we have to replace e by CC^p~^KE. We then obtain the 
desired result for a possibly larger constant C 2 in (17.2|) . □ 


7.3 Step 3: General case 


We are now in a position to prove the general version of Theorem 17.11 
Proof of Theorem \ 1. 1\ Let y G SBVMiyk) D LfiVt) be given and let p > 0. 
suffices to hnd a set hi G V^, s > 0, and a function y G with ||p||^oo(q) 

IIVpIL. 


yn) < cM for a universal constant c > 0 such that 


It 

+ 


|r2 \ f2| < Cip, ll^ll* < (1 + CihCjR^lyJy) + Cip, 

\\y - y\\l^{h) +11^?/ - Wlli 2 (^) < CiEp. 


(7.29) 
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Then the result follows from Theorem 17.41 applied on the function y. (Accordingly, 
replace M by cM in all estimates.) Note that we cannot just apply density 
results for SBV functions (see [12]) since in general such approximations do not 
preserve an L°° bound for the derivative. The problem may be bypassed by 
construction of a different approximation (see [7] and [22]) at the cost of a non 
exact approximation of the jump set which, however, suffices for our purposes. 

Let /i = ep. Recall that Jy is rectifiable (see [21 Section 2.9] ), i.e. there is a 
countable union of curves such that T-L^iJy \ Ui^i) = 0. Covering Jy 

with small balls and applying Besicovitch’s covering theorem (see [T8l Corollary 
1, p. 35]) we find hnitely many closed, pairwise disjoint balls Bj = Br.{xj), 
j = 1,... ,n with Tj < p such that BM^Jy \ U^=i Bj) < p. Moreover, we get 
B}{Jy n Bj) > 2(1 — p)rj and for each Bj we find a curve Vi. such that 
Tj^. n Bj is connected and iB^iVi.AJy) fl Bj) < 2prj < -^^B}{Jy Pi Bj). For a 
detailed proof we refer to [3 Theorem 2]. 

We choose rectangles Rj with \dRj\oo < 2y/2rj such that R^{Ti.r]{Bj\Rj)) = 
0 and \dRj\oo < R^{Vi. fl Bj). We then obtain 

< (i + ^)E,«'pnB-)<(i + c,f.)w‘(4) 

and likewise < CiR^{Jy). Choose rectangles Qj with Rj CC Qj such 

that \dQj\^ < (1 + l^)\dRj\* and 

( Uj ^ ’^y) = 

As before it is not hard to see that \ Rj^ is connected for 1 < ji, j 2 < n. 
The rectangles {Qj)j can be chosen in a way such that they fulhll the same 
property. Possibly replacing the rectangles by inhnitesimally larger rectangles we 
can assume that there is some s > 0 such that Rj,Qj G for j = 1,... ,n. 
Then by Lemma W^ i) we find sets W,V G with |l/A(r2^ \ lJjRi)l = 0 ^^cl 
|WA(f2^ \ [jjQj)\ = 0. Note that W° CC W and |f2 \ W| < Cip. It is not 
restrictive to assume that corners of Rj, Qj do not coincide and thus W°, V° are 
Lipschitz domains. We get (recall Lemma 13.2p 

llf^ll* < {l+p)J2^\dRjU < {l + Cip + CihQR^Jy). (7.31) 
Moreover, as R^{Jy \ Uj^=i ^j) < p we get 

\ [J(_j R,) + n [B,\R,)) 

< A* + w‘ ( U"rf r., n (BA flj)) + W ( U”., n ^) 

<l.i+-^n'{J,)<Ciii, ( 7 , 32 ) 

1 fl 
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where in the last step we have used fl {Bj \ Rj)) = 0. We now show that 

there is a function y G SBV{W°) with \\y — + l|V|/ - Vy\\l2^y^,) < Ciep 

such that ||V^||oo < cM and Jy is a hnite union of closed segments satisfying 
nHJy) < Cip < Cip. We apply a result by Chambolle obtained in [7] in an 
SBD-setting and rather cite the result as repeating the arguments. Therefore, 
we hrst obtain a control only over the symmetric part of the gradient. To derive 
the desired result we repeat the arguments for the function v = (2/^,?/^) instead 
oiy = iy^^y"^) to control also the skew part. 

We define 

E{y. VT°) = [ V{e{Vy)) + H\Jy n W°) 

Jw° 

and E,iy,W°) = E{y,W°) + cR^Jy n where := W 

for A e As y e SBVm(W°) n L^(W°) with E(y,W°) < +cx) and 

has Lipschitz boundary, by [TJ Theorem 1] we find a sequence yn G SBD(W°) n 

L'^(W°) with \\yn — y\\L^{w°) 0 such that Jy„ is a finite union of closed segments 

and 


hmsupE(|/„, W°) < E,{y,W°) < E{y,W°) + C^p 

n—)-oo 

< [ V{e{Vy)) + C,p. 

Jw° 


(7.33) 


In the second and third step we used 07.321) . The proof is based on a discretization 
argument. Consequently, as a preparation an extension y' to some set W DD W° 
with Eiy', W) < E{y, W°) + 5 for arbitrary 5 > 0 had to be constructed (see 
[71 Lemma 3.2]). In our framework we can choose y' = y due to W° CC 17° and 
07.3Up . Moreover, |||/n||oo < lb 11 00 holds. Although not stated explicitly in the the¬ 
orem, the approximations satisfy || V|/n||Loo(vi/o) < c|| V|/'||Loo(iy/) < c|| V|/||Loo(y) < 
cM. (For a precise argument see the proof of [H Theorem 3.1], where a similar 
construction is used.) Strictly speaking, the theorem only states that is es¬ 
sentially closed and contained in a finite union of closed segments. However, the 
proof shows that up to an infinitesimal perturbation of yn (do not set ?/„ = 0 on 
a ‘jump square’, but |/„ = c for c ~ 0) the desired property can be achieved. 

BylZl Lemma 5.1] we obtain weak convergence e(V?/„) ^ e(V|/) in L‘^{W°) up 
to a not relabeled subsequence. Together with the lower semicontinuity results 
- liminf^^oo fwo^(e(Vyn)) and 77^4) ^ liminf„^oo'Hb4n) 
(see [3 Lemma 5.1]) we hnd by fl7.33p 



V(e(Vy)) < limsup 

n—)-oo 



V(e(Vyn)) < 



V(e(Vy)) + C,p. 
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Consequently, by weak convergence we obtain 


limsup \\e{Vyn) - e{Vy)\\l2(^w°) < climsup / V{e{Vyn - V|/)) 
n—^oo n—^oo Jw° 


< climsup 

n—)-oo 


V{e{Vyr.)) 


V{e{Vy)) 


'w° 


<w° 


< Cin = Cisp. 


Then by (17.331) we also get limsup^^go We now repeat 

the argument for v = {y‘^-,y^) instead of y and observe that by construction the 
approximations can be chosen as Vn = yl^- We hnd that yn G SBV{W°) and 
limsup^^QQ WVyn — < Ci^p. Now choose n large enough such that 

y -.= yn satishes 


\\y y\\L'^{w°) + ll^p ^pIIl2(vi/o) < Ci£p, Ti (Jy) < Cip 

for Cl > 0 large enough. Choose a hnite number of closed segments {Si)^ such 
that Jy n W° C Ui‘S'i and S’*) < Cip. For s > 0 small choose Ti G W 

as the smallest rectangle with Si C Tj. Then by Lemma [4.2lf i) we obtain a set 
G with 

|fiA(fF\lJ™^T™)| =0. 

Observe that for s sufficiently small we obtain ||0||* < ||hF||* + Cip and |hF\0| < 
Cip. This together with fl7.3ip gives the two hrst parts of fl7.29p . Finally, dehne 
the function y G H^ipL) by p = and observe that y satishes fl7.29p . □ 


8 Proof of the main SBD-rigidity result 

This last section is devoted to the proof of the main SBD-rigidity result. We start 
with some preparations and then split up the proof into two steps concerning a 
suitable construction of the jump set and the dehnition of an extension. As 
before constants indicated by Ci only depend on M, 77 , D and all constants do not 
depend on p and q unless stated otherwise. 

Let y G SBVm{^) H L^(r2) be given and let p > 0, p = p^ for g G N to 
be specihed below. Set k = p^~^ and m = p. Recall the dehnition Dp = {x G 
D : dist(a:, 5D) > Cp}. We apply Theorem 17.11 and obtain a set fly C Dp with 
fly G for s sufficiently small and |D \ Dp| < Cip such that (17.2p holds for a 
modihcation y G i7^(Dy) fl SBVcM{fly) with \\y — + l|Vp-Vp|| 

CiEp. Recall from the proof of Theorem 17.21 and Corollary 15.71 that there is a set 
fly G with D° C fly and an extension y : fl^ ^ of p satisfying (I5.58P 
and estimates of the form (15.571) . 

We hrst construct a modihcation of fly and appropriate Jordan curves which 
separate the connected components. For a (closed) Jordan curve 7 we denote by 
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int( 7 ) the interior of the curve. As connected components may be not simply 
connected we further introduce a generalization: We say a curve 7 = 7 o U IJJLibj 
is a generalized Jordan curve if it consists of pairwise disjoint Jordan curves 

7 0.. .., 7 m with 7 j G int( 7 o) for j = 1,. ■ ■, We define the interior of 7 by 
int( 7 ) = int(7o) \ U7=i int(7i)- 

Lemma 8.1 Let p > 0, M > 0 and g G N. There is a constant Ci = Ci{M) > 0 
such that for all Vty G as given above we find (l (Z Lip with TJ}{dCl) < Ci, 
\Lly \ ^1 < Cip and a set S C flp\fl such that 

(i) H'(S)<\\a"\\. + Cip, 

(a) for all Pi there is a generalized Jordan curve 7 m S' U dLlp such that 
int( 7 ) oCl = Pi, where {Pi)i denote the connected components of Cl, 

(Hi) int( 7 ) n fl 7 ^ 0 for all Jordan curves 7 m S' U dflp, 

(iv) dist(x, S') < C\p‘^~‘^ for all x ^ Lp\Cl, 

(v) (S' U dflp) n XfiCl) is connected for all components XfiCl) of flp \ 12. 

Proof. In contrast to the previous sections, where it was essential to avoid the 
combination of different cracks, we now combine boundary components: Choose 
a set fly G satisfying fly C fly , \ fly \ fly\ = 0 and 11^(12^) fl 1^(12^)= 0 
for j 7 ^ 1. Clearly, by fl7.7p and fl5.36p we have V}{fly) < V}{fly) < Ci. 

Letting Yj,... ,Fm be the connected components of fly satisfying |9Y^joo < 
p<?-2 for j = 1 ,... ,m we define 12 = Cly \ UjLi ^j- As \dYj\^ < p'^~‘^ for j = 

1.. .. ,m, the isoperimetric inequality implies lUr.OjI < < CjP 

and thus | 12 ^ \ 1^1 < Cip. 

Let Z C 12p\i2 be the largest set in L/C ^ grich that distoo(a:, dfl\dflp) > 
for all x G Z and define 12 = 12 U Z. (Observe that Z is typically not connected.) 
It is not hard to see that 

dist(a:, dCl \ dfp) < Cip^~‘^ for all x G 12p \ 12. ( 8 . 1 ) 

Moreover, we get |12^ \ ^| < Cip and 7/^(0) < Ci. In fact, for each connected 
component Z* of Z we hnd boundary components {Xj = X){fly))j and {Yf)j such 
that cIZ* C IJj. X* U IJ^- Yf and thus by |cIXj|oo < \dY.\oQ < p^~‘^ we obtain 

|<9Z*|^ < \dX')\'^ + \dYf\y). We recall 77^(12^) < Ci and observe that 

for different components Z*L Z*^ one has (IJ ■ X^UlJ. Wi)n(lJ ■ X^UlJ • Yfi) = 0. 

J J J J J J 

Let Pi,..., Pn he the connected components of 12 and define P{Pi) = {Xj = 

Xjifly) : Xj fPifi^ 0}. (Here it is essential that we take the components of fly ■) 
By Zj G we denote the smallest rectangle containing Xj. 
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(I) As a preparation we consider the special case that there is only one con¬ 
nected component Pi. Moreover, we hrst suppose that flp \ consists of one 
connected component only. We can choose a set S in \Jz consisting of 

segments such that S U {dVLp \ 17) is connected, 


H\S) < (1 + c.rt ir, k < (1 + Op) 101. (8.2) 

and dist(x. S') < Cip^~‘^ for all x G dPi \ dVLp for a sufficiently large constant. 
Indeed, a set with the desired properties can be constructed in the following way. 
By the dehnition of | • |oo we hrst see that we can choose a piecewise affine Jordan 
curve 7 in Ux-eJ^'CA) ^ Sq := 7 Pi 17° satishes 

'^H'S'o) < Ev,.ee(So) 0{So) = {Xj : XjflS'o ^ 0}. (If 7 7117° = 0, we 

let So = {po} for some point po ^ l^p \ 1^-) Assume a connected set Si consisting 
of segments has been constructed such that 




XjeGiSi) 


- J loo 




(8.3) 


If dist(a:. Si) < Cip^~‘^ for all x G dPi\dSLp, we stop. Otherwise, there is some y G 
dPi\dSLp such that dist(p. Si) > Cip^~‘^. By the dehnition of | • |oo it is elementary 
to see that we can hnd a piecewise affine, continuous curve T;+i with Tj+iflS’; 7 ^ 0 , 
y G Ti+i, #(^(Tz+i) n GiSi)) = 1 such that V}{Ti+i) < Y.Xi&g{Ti+p iTiloo- Then 
using that |r(17^)|oo < 2\/2 • ck < Cip^~^ and #(^(T/+i) fl Q{Si)) = 1 we hnd 
that fl8.3p is satished for S';+i := S'; U T;+i. 

After a hnite number of iterations n G N we hnd that dist(p, S'„) < Cip^~^ 
for all y G dPi \ dklp and set S^, = Sn- Indeed, this follows from the fact that in 
each iteration Q{Si) increases and the assertion clearly holds if Si intersects all 
boundary components since maxj 17^(17^)|oo < As T-L^iTi) > Cip^~‘^, it is 

not hard to see that n < Cip'^~'^J2x eT{Pi) |Tj|oo and thus fl 8 . 2 p holds replacing 
^ by 

Observe that possibly S'* U {dflp \ 17) is not connected. Therefore, we choose 
some point y in each connected component of dQp \ If (which may be several if 
17p is not simply connected) and repeat the construction below fl8.3p for each y. 
We obtain a set S such that fl8.2p still holds and S U {dQp \ If) is connected. 

If 17p \ if consists of several connected components A'i(lf), we repeat the 
arguments on each component separately possibly starting with S'o = {po} for 
some Po G A'i(lf)- 

We see that (i),(v) are satished, (ii) holds with 7 and (iii) follows from the fact 
that in the construction of the sets T; above we do not obtain additional ‘loops’. 
Moreover, (iv) follows from the fact that each x G Ifp \ if satishes dist(x,(9Pi \ 
aifp) < by (JHH). 

(II) We now consider an arbitrary number of connected components. Choose 
Jordan curves 7 * in P int( 7 *)nl 7 and 77^(7*7117^ < 
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J2xjeg(Y) assume that Pi = int( 7 ®) fl f 2 , i.e. int( 7 *) does not 

contain other components of and treat the general case in (III). As the sets 
{P{Pi))'^^i might be not disjoint, we have to combine the different curves in a 
suitable way. Define Gi = Uvjee( 7 b restrictive to assume that 

Ui<i<n^* is connected as otherwise we apply the following arguments on each 
component separately. For i? C we define 

Int(i?) = {x G : 3 Jordan curve 7 * in i? : x G int( 7 *)}. 

It is not hard to see that we can order the sets {Pi)i in a way such that for all 
1 < / < n we have connected and Int(lJj^<j<; Gj) n Pj = 0 for all 

i > 1. In fact, to see the second property, assume the hrst I sets 
have already been chosen. Select some other component P^, k > I, with corre¬ 
sponding Gfc. If the desired property is satisfied, we reorder and set G;+i = G^, 
otherwise we find some P^', k' > l,k' 7 ^ k, with corresponding G^' such that 
Pki C Int(lJj^<^<; Gi U Gfe). Possibly repeating this procedure we finally find a set 
Gj+i such that Gi) n P,- = 0 for all j > / + 1. 

We now proceed iteratively. Set Fq = 0 and assume a connected set Si has 
been constructed with 


n\Sinn,)<{i + G,p)J2 


^jeUi<i<!e(int(7b) 


+ Gi(/-l)p'?-\ 


( 6 ) for all 1 < i < / there is a Jordan curve 7 in Si such that int( 7 ) fl D 
(c) dist(x. Si) < Gip^“^ for all x G I J, dPi \ dklp. 

i=l 


=p„ 

(8.4) 


Let T;_|_i be the (unique) connected component of 7*'''^\Ui<i<i P 

Int(Ui<j<;Gj UT;+i). Now choose two segments j = 1,2, with 'H^{Tj'_p^) < 
Gip''-\ T4i nSi^d), n Tz+I ^ 0 such that Si+i := Si U T^+i U U,=i, 2 ^z+i 
satishes P/+i C Int(^/+i) and 


n\Si+innp)<{i + G,p)J2 


e(int(7b)U0(T;+i) 


+ Gi/p'?-h 


By the order of the sets {Pi)i it is not hard to see that there is a Jordan curve 
7 in Si+i with int( 7 ) fl D = Pz+i. Observe that dist(x, 7 ^+^) < Gip^~‘^ for all 
X G dPi+i \ dQp might not hold. Therefore, following the lines of (I) we choose 
a (possibly not connected) set P;+i C int( 7 *'''^) such that such that Si+i : = 
A /+1 U P;+i is connected in each component of Dp \ D, dist(x, Si+i) < Gip^~‘^ for 
all X G dPi^i \ dSlp and 


W‘(fl,+,)<(l + Cip)^ 


X,-ee(mt(7'+i))\e(5i+i) 


iFd 


Now it is not hard to see that (a)-(c) are satished for S'^+i. 


After the last iteration step we define S'* = S'„ fl f2p. Observe that by con¬ 
struction (see before (18.11) 1 each P, satishes \dPi\oo > Thus n < Cip^~^ and 
then we obtain < ||0^||* + Cip since np^~^ < Cip. Similarly as before, 

S'* U dVLp might not be connected in the components of VLp \ O. Consequently, we 
proceed as in (I) (see construction below (I8.3p ) to hnd a set S' D S'* such that (i) 
still holds and S U dVLp is connected in the components of Op \ O. This gives (v). 
Moreover, (b) implies (ii) and similarly as in (I) also (hi) holds. (Here we do not 
have to consider generalized Jordan curves.) Finally, to see (iv) we use (c) and 
the fact that each x G Op \ O satishes dist(a;, 90 \ 90p) < Cip'^~‘^ by (18.11) . 

(Ill) We now dually treat the case that the components (Pi)r=o 
contain other components of 0. To simplify the exposition we assume that there 
is exactly one component, say Pq; such that Pq 7 ^ int( 7 °) fl O. The general case 
follows by inductive application of the following arguments. 

We proceed as in (II) (assuming we had Pq = int( 7 °) flO) and construct a set 
S' particularly satisfying (i),(iii),(v). We have to verify (ii) for Pq and hnd a set 
S D S' such that (iv) is satisfied and (i),(iii),(v) still hold. By (Pq)i we denote 
the components with Pi. C int( 7 o). As (ii) holds for these components we hnd 
pairwise disjoint Jordan curves 71 ,..., 7 ^ with IJ^. P^. C UJLi int(7i) C int( 7 o)- 
Consequently, dehning the generalized Jordan curve 7 = -^0 = 

int( 7 ) n H which gives (ii). 

Let {Yj)j be the components of Hp \ H which are completely contained in 
int( 7 o). We observe that (iv) may be violated for x eY* ■= [J^- Yj \ U^i 
We now proceed similarly as in (I) to obtain a set P C Y* such that S := S" U P 
is connected in the connected components of Hp \ fl and dist(a:, S) < Cip'^~‘^ for 
all X G 9Pi nP*. This implies (iii),(v) and together with (18.11) also (iv). Arguing 
similarly as in (II) we hnd that (i) is still satished since the sum in (18.41) (a) does 
not run over the components contained mY*. □ 

We hnally can give the proof of Theorem 12.11 by constructing an extension ij 
of the function y. We briehy note that the function y has to be dehned as an 
extension of the approximation and not of the original deformation y as only in 
this case we obtain the correct surface energy due to the higher regularity of the 
jump set of y and the available trace estimates. Recall the dehnition of EP{y, U) 
in (12.31) . in particular f^{x) = min{^^, 1}. 

Proof of Theorem \2.1\ Let VLy C Hp with VLy G V® and VLy G with C Sly 
be given. Recall that |f2 \ f2p| < Cip. Let y G H^{Sly) be the approximation 
oi y E SBVm{SI) with \\y - y\\l 2 ^^^) + IIV?/ - < Ci£p and let y E 

SBVcM{Sly) nL^(H^) be the extension of y given by Corollary 15.71 Let H be the 
set constructed in Lemma [ 8 Tl We hrst consider the jumps of y in {fly nij)°. By 
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fl5.64p and Holder’s inequality we find 


'jgn(of)° 


- I’Jy^Q 


yf^Qt 

tin ■ Y1 


Qt 


iJyHQ 


t\n 


' JyHQt 


I [y] I dn^ 


< cn\jy) ■ V ccy{^{Nt) + 5^{Nt) + e\dw n 


where W as defined in fl7.4l) . Nt := N{Qt) = {x e W : dist(x,Qt) < Cp^ and 
7(iV,) = ||Vdist(V^,^0(2))||i,(^), 5,{N,) = Eti W^y-mUw) (recall (HD). 
As each x G H is contained in at most ~ p~‘^ different Nt we find by fl7.3p . fl7.4p . 
fl7.6p . fl5.58p and the fact that e = cp~^e 


' Jyn(n^nhy 


m\ dn^y < Cp-^ • ccye < Cg^p-^Cle. 


(Note that in the general case the set W and the rigid motions Ri were defined 
differently (see e.g. (17.281) 1. but here and in the following we prefer to refer to 
the proof of Theorem 17.21 for the sake of simplicity.) By Remark l3.9lf il we get for 
q = q{h^) sufficiently large 


' jgn(of nb)° 


|[^]| dR} < 


Recalling that f^{x) < p ioi x > 0 we get 

/.'’(IISID'iW 


>jyn(nffnn)° 


' jyn{nffnh)° 


midn^^p. (8.5) 


We now concern ourselves with the components of dCl. Let L) be a connected 
component of Hp \ (H U S'), where S is the set constructed in Lemma IHTTl Set 
St = S DYt and L* = T) n dCl. We observe that by Lemma IHTlf iiLfiiil L^ is a 
Jordan curve if fl d^lp = 0. 

Define J = R{Cl) and for L^ we choose J(rt) C J such that Q^{p)nTt ^ 0 for 
all p G J(ri). We set M{Tt) = UpeJ(rt) Q^ip)- For later purpose, for components 
with iLiloo > 2p'^“^ we introduce a finer partition of M{rt): Define J(rt) = 
JiU ... UJ„ and the connected sets Bt = (Jpep Q^ip) that p“^ < < Cp~‘^, 

i = 1,..., n, for a constant C ^ 1. For iFj loo < 2p'? ^ we let Ji = J(rt). It is 
elementary to see that n < max{C|rf|^p^“^, 1} < ClFij^p”'^, where we used 
iFtl^ > Cp'^. 

Consider Rj : —)■ S'0(2) and Cj : fly M^, j = 1,..., 4, as given in fl7.9p . 

Recall the definition D = D \ Z C fly before (18.11) . We extend the function y 
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to by setting ^ = id on f2 \ f2 and likewise let Rj = Id, Cj = 0 on \ (If 
we redefine the function on this set.) Applying Corollary 15.71 on 
each Q^^{p) C (l with Q^^{p) n M{Tt) ^ 0, we get 

IIS - (Rj ■ +Ci)\\mB,) < Ce^cl . p-V-‘£. #/. = cp=’-'cy, 

IIS-(fly ■+Cy)|li.,sB., <Cp»«-“C,^£, 

for j = 1,..., 4 and i = 1,..., n. Here we used k = e = cep~^ and 
that each N(Q^^{p)) contains ~ = p~^ different Q^^{p) C The 

inequality then yields 

IKfly, . +C,,) - (4 . +e,,)||i,(B., < Cp=’-'cy 

for 1 < ji ,^2 < 4 and i = 1,... ,n. The strategy will be to cover h) with n 
different rigid motions. We argue as in fl7.1UI) f. and 03.181) to get Ri G AO(2), 
Ci G such that 

IIS - (fl.. +Q)iii.,j,.) < < cp^-'^cp. 

Here we used Holder’s inequality (cf. 03.18p ). A similar argument shows that we 
even hnd 


( 8 , 6 ) 

the fact 
triangle 


ll» - («<+y ■ +«i+y)lli>(fl.) £ Cp^’-»cp (8.7) 

for i = 1,..., n, where (in the case that T^ is a Jordan curve) we set Rn+i = Ri, 
Cn+i = Cl and Rq = Rn, Cq = c^. Without restriction recalling Remark [3.15f iiii 
we can assume that Ri G im^^(M(rt)) C AO(2), where im^^ denotes the image 
of the function R 4 . For shorthand let R = R 4 and c = C 4 . By 08.6p and 08.71) we 
get 


ll(«‘+y ■ +<7+7) - ■ +«)lli>(B,) £ Cp^-'-'cp. ( 8 . 8 ) 

Using Holder’s inequality and passing to the trace on each Q^^{p) we obtain for 
alH = 1,..., n 

^ Q ^ IK-^i+i ■ + O+j) ~ (-^ ■ ■he) IlipBiort) 

< ^X/j=_ioi I-®*■ “hei+i) - {R ■ +c)||i2(5.nrt) 

< Cgp-^ ■ < Cp^^-^^Cle. 

Together with 08.61) this implies 

^,.-W I'®' ■ < Cp^-'^cp. 
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This and the fact that n < C\Vt\Hp yield 

\\y - {Ri+j ■+Ci+j)\\L^{BinVt) ^Cpyfe. (8.9) 

For the difference of the rigid motions we get by the triangle inequality and fl8.7p 


. . Wi^i+ji • +Ci+ii) - {Ri+j2 • +Ci+j2)lli2(Si) < 

Let Bi = {x E fl : dist{x, Bi) < Cp^~‘^}. Arguing similarly as in (I3.17p it is not 
hard to see that 

^im2=-i,o,i “ ^Ri+h ■ +Ci+i2) 11^2(5.) 

< C{p-^Y ■ p-^ ■ p^^-^^Cle < Cp^^-^^Cle 

as < Cp~^ and |§f^ < Cp~‘^. Define = B{Bi). Again using Holder’s 
inequality, passing from the traces to a bulk integral and recalling n < C'lFil^p"'^, 
#A < Cp~^ we derive (let • = {Ri+j^ ■ +Cj+jj) — {Ri+j 2 ■ TCi+jj) for shorthand) 


H2 := V V V 


'■pe/i ^ —^iij2=-i,o,i 

<cV V _ V 


• I|l1(9Q"(p)) 

• ||L2(9Qe(p)) 


< 

< 




''ii j2=-i,o,i 


\ 1/2 

^ ^11 ■ \\h[aQe{p))) 

1/2 a 

< C\rt\np-^-^^Cpy/I. 


2 

L^isp 


( 8 . 11 ) 


By (Tj)j we denote the connected components of Q^{p) \ (DUS') for all Q^{p) with 
Q^{p) n F) 7 ^ 0. We now choose suitable rigid motions: Observe that dist(ri U 
dQp,x) < Cip^~‘^ for all x G F) by Lemma I8.1f iv) and the fact that is a 
connected component of Dp\(DuS'). Therefore, for every Tj with dist(Tj, dVtp) 3> 
we find some (possibly non unique) Bi. with dist(Tj, H,^) < Cp^~‘^. In 
particular, we get Tj C Bi. choosing C in the definition of Bi large enough. We 
dehne 


y{x) = Ri. X + Ci. for X e Tj n Ht n Dap (8-12) 

for all i and note that we have found an extension y to F^ODap. (If F)nD^ Y 
redefine the function on this set.) Taking Lemma [8.11 vl into account the choice 
of Bi. can be done in a way that for neighboring sets Ti,T 2 with Ti fl Ta Y 0 
one has A — /a £ {“1; 0,1} and that R^{Jy H F)) < Now by fl8.9p and 

fl8.1ip it is not hard to see that 

[ _ \[y]\ dU^ < CH, + CH 2 < C\Tt\npi-^^Cpy/^. 

J{JijnYt)\s 
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Repeating the arguments for all components Yt we obtain a configuration y G 
SBVcm{^p) with y = y on fl* := where by Lemma IHTTl we have |r2\r2*| < 

Cip. (With a slight abuse of notation we replace Q* by Qy in the assertion of 
Theorem 12.11 ) Summing over all Yt and recalling that 'h}{dVL) < Ci by Lemma 
18.II we get 

E, / _ /"(I®!)s < p 

J{JyOYt)\S 

for q = q{h^) sufficiently large. Together with fIS.Sp . Lemma ISTT ii and fl7.2p fii 
this implies 






/AIMI) i'H' + «‘(S) < (1 + Cih.)H'{J,) + Cip. 


Choosing = p we dually get 


/ f:m\)<lM^<'H\Jy) + C\p. (8.13) 

Jjt 

We observe Vy G 5'0(2) on r2p\r2j, (see construction in Corollary 15.71 fl8.12p and 
recall y = id in \ fi). As ||^ - 1/11^2(0^) + ||V^ - V|/||^ 2 (f^^) < Ciep we obtain 
EP{ri,Vtp) < Eg(?/)+Cip which gives (El]). Here we used || V^||oo + || V|/||oo < cM 
and the regularity of the stored energy density W. 

Let {Pj)j be the connected components of Qp \ S. By Lemma 18. If ii).(iii) it is 
not hard to see that for every index j there is a (unique) connected component Pj 
of fl such that Pj C Pj. Then there is either a connected component Pj^ of Qy 
such that Pj = P^ (see proof of Theorem 17.21) or y = id on Pj (see construction 
before fl8.6p L We now dehne fl2.5p by u{x) = y[x) — {Rj x + Cj) for x E Pj, where 
Rj X + Cj is either the rigid motion on Pj^ given in Theorem 17.11 or Rj = Id, 
Cj = 0, respectively. For later purpose, we note that for fl8.13l) we can also write 

E / mm)dn^ < nHJy) + c,p, (8.14) 

jjy\dP 

where dP = IJ^- dPj and P{Pj, fl) denotes the perimeter of Pj in flp. 

It remains to conhrm fl2.6p . First, (i) follows by R^{Jy n (fl^)°) < Ci (see 
fl5.58p and fl7.7p L R^{dCl) < Ci (see Lemma 18.ip and the fact that the Re¬ 
measure of the jump set added in the construction of y (see fl8.12p j is controlled 
by Re{dCl) and Re[S). In view of fl7.2p (iij-fiv) (see also fl7.1ip l the properties 
(ii)-(iv) already hold on the set 12 for a sufficiently large constant C'(p, q) = C{p). 
(Recall q = g(h*) and the dehnition = p. See also Remark 15.11 1 

Recall that flp \ fl C IJ^ F). Repeating the arguments leading to (17.lip we 
hnd by (18.8p . (I8.10p and (I8.12p 

Y., 11 ^ “ ^ 
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This gives (ii). Moreover, as on each Q^{p) G Pj\ Cl we have Vy = R for some 
R G imj:j^(fi) (see construction before fIS.Sp i we get 




IIP 

'\Lp{Pj\n) 


<C{p)\\R^-R,\\ 

<C{p)[\l\/y-n 


p 

Lp{PjnCi) 

IIP 

‘^''Lp{PjnQ) 


+ II— Rj 


P ~ ) 
Lp(Pjnn) J 


for p = 2,4:. By fl7.9p and fl7.1ip this yields 


- ■Rilll.CPAO) S - ■Rilli.lPAO) S 

This together with flS.lip gives (iii),(iv). □ 

Having completed the main rigidity result, we can now prove the linearized 
version. We may essentially follow the proof of Theorem 12.11 with some minor 
changes. The proof, however, is considerably simpler as a lot of estimates and 
lemmas can be skipped. 

Proof of Theorem \2.3[ We only give a short sketch of the proof. Dehne y = id + w. 
As the approximation argument presented in the proof of Theorem 17.II also holds 
in the SBD-setting, it again suffices to prove the result under the assumption that 
there is some G such that M|n„ G H^{Vlu). We skip Section [ST] and always 
set Ri = Id for i = 1,..., 4. Similarly as in Lemma ISTl we hnd sets Vtu, Clff G Vgf 
for k = Q = p^, as well as mappings Aj : klff —)■ and Cj : kl^ —)■ 

which are constant on Q^f{p), p G such that 

{i) ||m — {Aj ■ +Cj)||^ 2 (Q^) < CC‘^g^{a + e||W||*), 

{in) \\{Aj^ ■ +CjA - {Aj 2 ■ +Cj 2 )\\L 2 ^QH) < CCpg^{a + e||W||*) 

for ji,j 2 = 1,...,4, j = 1,...,4, where a = and e = cp-^e. 

This can be established following the lines of the proof of Lemma 15.61 with the 
difference that in fl5.46p we do not replace Id + A by a different rigid motion R, 
but proceed with Id +A. Analogously, we find an extension Vl^ as constructed in 
Corollary 15.71 and then we obtain the result up to a small set following the lines of 
Theorem 17.21 Finally, the jump set and the extension to Vlp may be constructed 
as in Section [HI □ 
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